DIMENSIONAL REDUCTION AND THE LONG-TIME BEHAVIOR OF 

RICCI FLOW 



JOHN LOTT 

Abstract. If g{t) is a three-dimensional Ricci flow solution, with sectional curvatures 
that are 0{t~^) and diameter that is 0{t'i), then the puUback Ricci flow solution on the 
universal cover approaches a homogeneous expanding soliton. 



1. Introduction 

After Perelman's proof of Thurston's geometrization conjecture |l3llll], using Hamilton's 
Ricci flow [21], there are many remaining questions about three-dimensional Ricci flow. 

Since the Ricci flow is a nonlinear heat equation for the Riemannian metric, the intuition 
is that it should smooth out the metric and thereby give rise, in the long-time limit, to the 
locally homogeneous pieces in the geometric decomposition. This intuition is a bit mislead- 
ing because, for example, of the presence of singularities in the Ricci flow. Nevertheless, 
based partly on earlier work of Hamilton [27] , Perelman showed that the hyperbolic pieces 
do asymptotically appear in the Ricci flow. Perelman's proof for the existence of the other 
geometric pieces is more indirect. Perelman showed that the nonhyperbolic part of the 
evolving manifold satisfies certain geometric conditions, from which one can show that it 
is a graph manifold [H [321 |l2l HU [51]. By earlier work of topologists, graph manifolds have 
a geometric decomposition. 

It is an open question whether the Ricci flow directly performs the geometric decom- 
position of a three-manifold, as time evolves. In particular, suppose that the geometric 
decomposition of the three-manifold consists of a single geometric piece. If this piece has 
Thurston type or 5*^ x 5*^ then its Ricci flow has a finite extinction time [T0[ |TT[ [15] . For 
the other Thurston types, one can ask whether the large-time behavior of the Ricci flow 
solution will be that of a locally homogeneous Ricci flow, no matter what the initial metric 
may be. Hamilton [25, Section 11], Hamilton-Isenberg [28] and Knopf [33j showed that 
this is true for certain manifolds of or Sol-type if one assumes some extra symmetries 
on the initial metric. We are interested in whether one can show asymptotic homogeneity 
for a wider class of Ricci flow solutions. 

To describe the results, let g{-) denote a Ricci-flow-with-surgery whose initial manifold 
is a closed orientable 3-manifold. Let Mt denote the time-t manifold. (If t is a surgery 
time then we take Mt to be the postsurgery manifold.) From Perelman's work [45J, there 
is some time Tq so that for all t > Tq, each connected component C of Mt is or an 
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aspherical 3-manifold. As the geometrization conjecture holds, C has a decomposition into 

geometric pieces of type 5^ M^ Nil, Sol, H"^ xM. and SL^); see Section El 

It is possible that the Ricci-flow-with-surgery involves an infinite number of surgeries. 
In the known examples, there is a finite number of surgeries. Furthermore, in the known 
examples, after all of the surgeries are done then the sectional curvatures uniformly decay 
in magnitude as 0(t~^), i.e. one has a type-Ill Ricci fiow solution. In order to make 
progress, we will consider only Ricci-fiows-with-surgery in which this is the case. Hence, 
we will consider a smooth Ricci fiow (M, (/(■)), defined for t G (1, oo) on a closed, connected 
orientable 3-manifold M, with sectional curvatures that are uniformly 0{t~^). 

If M admits a locally homogeneous metric modeled on a given one of the eight Thurston 
geometries then we will say that M has the corresponding Thurston type. Saying that M 
has a certain Thurston type is a topological statement, i.e. we allow ourselves to consider 
Riemannian metrics on M that are not locally homogeneous. 

In order to analyze the large-time behavior of a Ricci fiow, we use blowdown limits. 

Definition 1.1. For s > 1, put Qsit) = ^ g{st). It is also a Ricci flow solution. Let '(jsit) 
he the lift of gs{t) to the universal cover M . 

A time interval [a, b] for Qs corresponds to the time interval [sa, sb] for g. We are inter- 
ested in the behavior as s — )■ oo of gs{-) on a specified time interval [a,b], since this gives 
information about the large-time behavior of the initial Ricci fiow solution g{-). If there is 
a limiting Ricci fiow solution lims_s.oo gs{-) then one says that it is a blowdown limit of g{-). 

For notation, if the Gromov-Hausdorff limit lim^^oo (^M, ^ j exists and equals a com- 
pact metric space X then we write limt_>oo (j^, ^ j X- If we write lim5_>.oo ^M, m, gs{-)j 
(Moo, moo, 5'oo(-)) then we mean that for any sequence {sj}'jLi tending to infinity, there is a 
smooth pointed limit limj_>.oo (j^, fn, 5'sj (-)) of Ricci fiow solutions which equals (Moo, ^oo, g< 
We recall that the notion of the limit in the statement limj_!.oo ^M, m, 'gg. (■)^ = (Moo, ""^oo? go 
involves j-dependent pointed diffeomorphisms from domains in Moo to domains in M [26] . 

Theorem 1.2. Let {M,g{-)) be a smooth Ricci flow solution on a connected closed ori- 
entable 3-manifold, defined for t G (l,oo). Suppose that 

1. The sectional curvatures of {M, g(t)) are uniformly 0(t~^) and 

2. diam(M,c/(t)) =0{t^). 

Then M is irreducible, aspherical and its geometric decomposition contains a single geo- 
metric piece. 

1. If M has Thurston typcM? thenlimt^oo (j^, ^ pt. The limitlims^oo (^M,m,gs{-)j 
exists and equals the flat expanding soliton {R^,gfiat)- 

2. If M has Thurston type Nil then limt_i.oo ^M, ^ j pt. The limit lims_i.oo (^M, m, gs{ 
exists and equals the expanding soliton (m.^, -^{dx + ^ydz — ^zdyY + t^{dy'^ + dz^) j . 
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3. If M has Thurston type Sol then the Gromov-Hausdorff limit limt_j.oo ( M, ^ 



IS a cir- 



cle or an interval. The limit linis^oo \ M gs[-)j exists and equals the expanding soliton 
{R\ e-^'dx^ + e'^'dy^ + Atdz^). 

4- If M has Thurston type x M then for any sequence tending to infin- 

ity, there is a subsequence (which we relabel as {tj}'jLi) so that the Gromov-Hausdorff 

limit liiiij^^oo (^M, j exists and is a metric of constant curvature — ^ on a closed 2- 

dimensional orbifold. The limit limg^oo ^^;^;fi's(')j exists and equals the expanding soli- 
ton X R, 2tghyp + gn) . 

5. If M has Thurston type thenlimt^oo (j^, {M^Aghyp)- The limit\im.s^oo (^M,m,gsi-)J 
exists and equals the expanding soliton {H^,Atghyp). 

6. If M has Thurston type SL2(]R) then there is some sequence {sj}JLi tending to infinity 
such thatYmvj^oo {m, ^y^) ^■^ ^ metric of constant curvature — \ on a closed 2-dimensional 
orbifold andYmvj^oo (^M ,m,gsj{-)^ is the expanding soliton {H"^ x 'R,2tghyp + gn). 

Corollary 1.3. In cases 1-5 of Theorem \1.2l as time becomes large the Ricci flow solution 
becomes increasingly locally homogeneous. 

The corollary follows from the fact that the expanding solitons in Theorem II .21 are all ho- 
mogeneous. To state the corollary in a more precise way, we recall that a Riemannian man- 
ifold (M, g) is locally homogeneous if and only if any function on M that can be expressed 
as a polynomial in the covariant derivatives of the curvature tensor Vj^Vjj • • - ^irRjkim 
and the inverse metric tensor g^^ , by contracting indices, is actually constant on M |47j . 
Corollary II .31 means that in cases 1-5 of Theorem 11.21 any function on M which is a poly- 
nomial in the covariant derivatives of the curvature tensor and the inverse metric tensor of 
the rescaled metric ^{t) = ^ approaches a constant value as t — )■ cxd. 

Remark 1.4. The diameter condition dia,m{M, g{t)) = 0{t^) implies (under our curvature 
assumption) that the geometric decomposition of M contains a single geometric piece; 
see Proposition 13.51 We expect that if the diameter condition is not satisfied then the 
geometric decomposition of M will contain more than one geometric piece. 

Remark 1.5. Any locally homogeneous Ricci flow solution {M,g{-)) on a closed 3-manifold 
M, which exists for t G (1, oo), does have sectional curvatures that are uniformly 0{t~^) and 
diam(M, (7(t)) = 0(^5) [221 Hence a Ricci flow solution on M that in any reasonable 
sense approaches a locally homogeneous solution, as time goes to infinity, will satisfy the 
assumptions of Theorem 11.21 In this way. Theorem 11.21 is essentially an if and only if 
statement. 

Remark 1.6. In Case 6 of Theorem 1 1.21 we only show that we have the desired limit for some 
sequence {sj}'j^i tending to infinity, not for any such sequence. The reason is a technical 
point about local stability; see Remark 16.51 
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In |3H1 Theorem 1.1] we showed that the expanding sohton solutions hsted in Theorem II .21 
are universal attractors within the space of homogeneous Ricci flow solutions on Thurston 
geometries. In proving Theorem 11.21 we show that they are global attractors within the 
space of Ricci flow solutions that satisfy the given curvature and diameter assumptions, 
after passing to the universal cover. 

Theorem [L2] describes the Gromov-Hausdorff limit of the rescaled Ricci flow solution on 
M and the smooth pointed rescaling limit of the lifted Ricci flow solution on M . In the 
proof we show there is a rescaling limit which is a Ricci flow solution on an object that 
simultaneously encodes both the Gromov-Hausdorff limit on M and the smooth limit on 
M. This rescaling limit can be considered to give a canonical geometry for M. A similar 
phenomenon occurs in the work of Song and Tian concerning collapsing in the Kahler- Ricci 
flow on elliptic fibrations [52] . 

There are three main tools in the proof of Theorem 11.21 : a compactness theorem, a 
monotonicity formula and a local stability result. The compactness theorem pHJ Theorem 
5.12] is an extension of Hamilton's compactness theorem for Ricci flow solutions |2(j] . 
Hamilton's theorem allows one to take a convergent subsequence of a sequence of pointed 
Ricci flow solutions that have uniform curvature bounds on compact time intervals and 
a uniform lower bound on the injectivity radius at the basepoint. The rescalings of a 
Ricci flow solution on a manifold M, as considered in Theorem 11.21 may collapse, i.e. the 
Gromov-Hausdorff limit X may have dimension less than three. This means that there 
is no uniform lower bound on the injectivity radius of the rescaled solution, and so there 
cannot be a limiting Ricci flow solution on a 3-manifold. Instead, the limiting Ricci flow 
solution lives on a more general object called an etale groupoid. Roughly speaking, an 
etale groupoid combines the notions of manifold and discrete group into a single object. 
Its relevance for us comes from the Cheeger-Fukaya-Gromov theory of bounded curvature 
collapse p], which implies that a Riemannian manifold which collapses with bounded 
sectional curvature will asymptotically acquire extra symmetries. In Section [3] we give a 
brief overview of how collapsing interacts with Ricci flow. 

Under the assumptions of Theorem 11.21 the compactness theorem of [38] implies that if 
{sj}^i is a sequence tending to infinity then after passing to a subsequence, { (M, Qsji,-)) }^=i 
converges to a Ricci flow solution ^(■) on a three-dimensional etale groupoid. It remains to 
understand the long-time behavior of ^(■). In our case, the relevant etale groupoids arise 
from locally free abelian group actions. In essence, we have to understand the long-time 
behavior of an invariant Ricci flow solution on the total space of a (twisted) abelian prin- 
cipal bundle over a compact space B. Such a Ricci flow solution ^(■) becomes a coupled 
system of evolution equations on the lower-dimensional space B. This is the dimensional 
reduction part of the title of this paper. 

Our main tool to analyze the long-time behavior of such a Ricci flow is a modification of 
the Feldman-Ilmanen-Ni expanding entropy functional W+ [H] , which in turn is a variation 
on Perelman's W-functional [43j . More generally, in Section H] we describe versions of 
the J-", W and W+ functionals that are adapted for abelian actions. Using the modified 
W+ functional, we show that any blowdown limit of ^(■) satisfies the harmonic-Einstein 
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equations of [38] ■ As we are in dimension three, we can solve the harmonic-Einstein 
equations to find the homogeneous expanding sohton solutions of Theorem 11.21 

By these techniques, we show that there is some sequence {sj}'^^ tending to infinity so 
that{(M,^,^.(-))}°L ^ converges in an appropriate sense to a locally homogeneous expanding 
soliton solution. In order to get convergence for all sequences tending to infinity, 

we use the local stability of the locally homogeneous expanding solitons, along with some 
further arguments. The local stability is due to Dan Knopf [S^. An important point is 
that we only need the local stability of the locally homogeneous expanding soliton within 
the space of Ricci fiow solutions with the same abelian symmetry. Because of this, the 
local stability issue reduces to an elliptic-type analysis on the compact quotient space B 
where one has compact resolvents, etc. For the Nil and Sol-expanders, the local stability 
in a somewhat different sense was considered in [2T] . 

The outline of this paper is as follows. In Section [2] we make some general remarks about 
Ricci flow and geometrization. In Section |3] we give an overview of some of the needed 
results from [38j. In Section HI which may be of independent interest, we analyze Ricci flow 
solutions with a locally free abelian group action. In Section E] we give the classiflcation of 
the etale groupoids that arise. In Section we prove Theorem 11.21 Further descriptions 
are given at the beginnings of the sections. 

I thank Xiaodong Cao, Dan Knopf and Junfang Li for discussions on the topics of this 
paper. I am especially grateful to Dan for telling me of his local stability results |34j. Part 
of this research was performed while attending the MSRI 2006-2007 program on Geometric 
Evolution Equations. I thank MSRI and the UC-Berkeley Mathematics Department for 
their hospitality, along with the organizers of the MSRI program for inviting me. 

2. Geometrization Conjecture and Ricci Flow 

In this section we describe what one might expect for the long-time behavior of the 
Ricci flow on a compact 3-manifold M, in terms of the geometric decomposition of M. 
Background information on the geometrization conjecture is in [50] . 

Let M be a connected closed orientable 3-manifold. The Kneser-Milnor theorem says 
that M has a connected sum decomposition M = Mi#M2# . . . ^M^r into so-called prime 
factors, unique up to permutation. Thurston's geometrization conjecture says that if M 
is prime then there is a (possibly empty) minimal collection of disjoint incompressible 
embedded 2-tori {Ti}^^^ in M, unique up to isotopy, so that each connected component of 
M — [JI^i Ti admits a complete locally homogeneous metric of one of the following types : 

1. A compact quotient of S^, S"^ x M, R\ Nil, Sol, H^, xRor SL^). 

2. A noncompact flnite-volume quotient of or x M. 

3. M X22 T'^j where the generator of Z2 acts by x — > —x on R and by the involution on 
for which T^/Z2 is the Klein bottle K. 

Remark 2.1. A flnite-volume quotient of S^, S"^ x M, M^, Nil or Sol is necessarily a compact 

quotient. Noncompact flnite-volume quotients of SL2(M) are not on the list, as they are 
diffeomorphic to noncompact flnite-volume quotients of x M. 
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Remark 2.2. If we were to cut along both 2-tori and Klein bottles then we could eliminate 
the M. Xj^^T"^ case, which is the total space of a twisted M-bundle over K. However, as we 
are dealing with orientable manifolds, it is more natural to only cut along 2-tori. 

We now discuss graph manifolds. A reference is p9l Chapter 2.4]. We recall that a 
compact orientable 3-manifold M with (possibly empty) boundary is a graph manifold 
if there is a collection of disjoint embedded 2-tori {Tj}j^^ so that if we take the metric 

completion of M — Uj=i (with respect to some Riemannian metric on M) then each 
connected component is the total space of a circle bundle over a compact surface. Clearly 
dM, if nonempty, is a disjoint union of 2-tori. The result of gluing two graph manifolds 
along boundary components is again a graph manifold (provided that it is orientable). In 
addition, the connected sum of two graph manifolds is a graph manifold. In terms of the 
Thurston decomposition, a closed orientable prime 3-manifold M is a graph manifold if 
and only if it has no hyperbolic pieces. 

We now summarize how Perelman proved the geometrization conjecture using Ricci 
flow. If g{0) is an initial Riemannian metric on M then Perelman showed that there is 
a Ricci-flow-with-surgery {Mt,g(t)) defined for all t G [0, oo) (although Mt may become 
the empty set for large t). A singularity in the flow is handled by letting some connected 
components go extinct or by performing surgery. If t is a surgery time then we let denote 
the postsurgery manifold Mj^. Going from a postsurgery manifold Mj^ to the presurgery 
manifold Mf~ amounts topologically to performing connected sums on some components of 
, possibly along with a finite number of x S'^'s and RP^'s, and restoring any factors 
that went extinct at time t. From Kneser's theorem, there is some Ti > so that for a 
singularity time t > Ti, differs from Mf by the addition or subtraction of some 5*^ 
factors. That is, after time Ti, all surgeries are topologically trivial. 

Perelman showed that any connected component which goes extinct during the Ricci- 
flow-with-surgery is diffeomorphic to x S*^, S-^ x^j 5*^ = ]RP^#MP^ or S^/T, where F 
is a finite subgroup of S0(4) that acts freely on 5''^. He also showed that for large t, any 
connected component C of Mf has a 3-dimensional submanifold G with (possibly empty) 
boundary so that G is a graph manifold, dG consists of incompressible tori in C and 
C — G admits a complete finite- volume hyperbolic metric. Here G is allowed to be or G. 
Using earlier results from 3-manifold topology, this is enough to prove the geometrization 
conjecture. 

It is not known whether there is a finite number of surgeries, but after some time all 
remaining surgeries will occur in the graph manifold part. For example, if the original 
manifold M admits a hyperbolic metric then there is a finite number of surgeries, since for 
large time there is no graph manifold part. We note that one can never exclude singularities 
for topological reasons, as the initial metric could always contain a pinched 2-sphere. 

In [45j, Perelman showed that for large t, any connected component of Mt is aspherical 

or S^. Thus the relevant Thurston geometries are S^, M.^, Nil, Sol, H^, x R and SL2(M). 

Put g{t) = Let us assume that there is a finite number of surgeries, and consider the 
manifold M to be a connected component of the remaining manifold after all of the surgeries 
are performed. Based on explicit calculations for the Ricci flow on a locally homogeneous 



DIMENSIONAL REDUCTION 



7 



3-manifold, the most optimistic possibihty for the Gromov-Hausdorff behavior of the long- 
time Ricci flow is given in the following table. Here X is the Gromov-Hausdorff limit 
limt_!.oo(M, ^(t)), which we assume to exist. The "Thurston type" denotes the possible 
geometric types in the Thurston decomposition of M, but we do not assume that the 
metrics in the Ricci flow are locally homogeneous. 

X Thurston type 



pt . W or Nil 

or / Sol 

closed 2-orbifold with K = -1/2 H"^ x R or sQr) 
closed 3-manifold with K = — 1/A 

noncompact H^^H"^ x M, 

If X is noncompact then the possible geometric pieces in the geometric decomposi- 
tion of M should be noncompact finite- volume quotients of , noncompact finite- volume 
quotients of x M and copies of M x^^ T"^ ■ (The final M^-term in the table refers 
to the latter possibility.) When discussing Gromov-Hausdorff limits in this case, one 
would have to choose a basepoint m G M and take a pointed Gromov-Hausdorff limit 

(X, x) = \\mt^oo{.M,rn,g{t)), whose value would depend on m. One would expect to get 
possible Gromov-Hausdorff limits of the form 

1. H^/T, where F is a torsion-free noncocompact lattice in PSL(2, C). 

2. H^/T, where F is a noncocompact lattice in PSL(2,M). 

3. M. 

4. [0,oo). 

Example 2.3. Suppose that M = N Utt, N is the double of the truncation TV of a singly- 
cusped finite- volume hyperbolic 3-manifold Y, where the metric on is perturbed to make 
it a product near c^A^. If m is in — T then one would expect that Mmt^oo (M^ m, ^{t)) = 
Y, with a metric of constant curvature — |, while if m G then one would expect that 

Example 2.4. Put M' = N Ut^ (/ x^^ ^^)) where I x^^T"^ is the (orientable) total space of 
a twisted interval bundle over the Klein bottle K. Then M' is double covered by N, 
where the gluing is done by an orientation- reversing isometry of T^. If m G M' — K then 

one would expect that limj_>.oo(M', m, ^(t)) = Y, while if m G K then one would expect 

that limt^^{M',m,g{t)) ^= R/Z2 = [0,oo). 

This example shows why, from the point of view of Ricci flow, it is natural to include 
M X22 as part of the geometric decomposition; see Remark 12. 2[ (In this sense it would 
also be natural to include R x as a possible piece, but such a piece would be topologically 
redundant.) 



In the collapsing case, i.e. when dim(X) < 3, the Gromov-Hausdorff limit X contains 
limited information about the evolution of the 3-dimensional geometry under the Ricci 
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flow. For t large, any component of the time-t manifold is aspherical or 5*^. Because of 
this, one natural way to get more information about the 3-dimensional geometry is to 
look at the evolving geometry on the universal cover. A special case is when M is locally 
homogeneous. In [381 Section 3] the Ricci flow was considered on a simply-connected 
homogeneous 3- manifold G/H, where G is a connected unimodular Lie group and if is a 
compact subgroup of G. The Ricci flow {G/H, g{-)) was assumed to be G-invariant and 
exist for all positive time. In each case, it was shown that there are pointed diffeomorphisms 
{0s}se(o,oo) of G/H so that the blowdown limit gooit) = lims_s.oo 7 'P*s9{st) exists and is one 
of the expanding solitons listed in Theorem 11.21 

Remark 2.5. As an aside, instead of looking at the rescaled Ricci flow metric ^{t) = 
one could also consider the normalized Ricci flow solution, with constant volume. The 
normalized Ricci flow solution is useful in some settings but in our case we get more 
uniform results, in terms of the Thurston type, by looking at ^. For example, let be 
a truncated singly-cusped flnite-volume hyperbolic 3-manifold, as in Example 12. 3[ Let 
El and S2 be compact connected surfaces with one boundary component and negative 
Euler characteristic. Put Mi = N Ut^ {S^ x Si) and M2 = {S^ x Si) Ut2 {S^ x S2), 
where the gluing of M2 is such that it is not just a product x (Si U51 S2). Under the 
unnormalized Ricci flow, one expects that vol(Mi, g{t)) ~ const, t^^'^, due to the hyperbolic 
piece, whereas vol(M2, 5'(t)) ~ const, t. Then the normalized Ricci flow on Mi should 
collapse its x (Si — 9Si) piece, while the normalized Ricci flow on M2 should have 
a three-dimensional pointed limit on its x (Si — (9Si) piece. In contrast, the pointed 
Gromov-Hausdorff limit limt^oo{Mi,mi,^{t)), with an appropriate choice of basepoint rrii 
in the x Si piece, should be Si — 9Si with a complete finite-volume metric of constant 
curvature — |, independent of i G {1,2}. 



3. Collapsing and Ricci Flow 

In this section we give an overview, aimed for geometers, of the use of groupoids in 
collapsing theory. More details are in |3Hl Section 5] and references therein. We also show 
that under the hypotheses of Theorem 11.21 the manifold has a single geometric piece. 

Suppose that {M^,g{-)) is a type-Ill Ricci flow solution that exists for t G (l,oo), i.e. 
there is some K > so that || Riem{g(t)) ||oo < -7 for all t > 1. Then the rescaled 

metrics ^{t) = ^ have uniformly bounded sectional curvature. Even if the manifolds 
{M,^{t)) are collapsing in the Gromov-Hausdorff sense, we would still like to take a limit 
as t — )■ 00, in some way, of the n-dimensional geometry. To do so, it is natural to apply 
the Cheeger-Fukaya-Gromov theory of bounded curvature collapse to the Ricci flow. 

A main technique in the Cheeger-Fukaya-Gromov theory is to work 0(?T,)-equivariantly 
on the orthonormal frame bundle FM. This is not very convenient when dealing with 
Ricci flow, as the induced flow on FM is complicated. For this reason, we use an older 
approach to collapsing with bounded sectional curvature, as described in Gromov's book 
[20] . that deals directly with the manifold M. 
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Let M be a complete n-dimensional Riemannian manifold with sectional curvatures 
bounded in absolute value by a positive number K. Given r G ^0, ^ j and m G M, we 

can consider the Riemannian metric ex^md on -8(0, r) C TmM. 

Given a sequence of pointed complete n-dimensional Riemannian manifolds {(Mj, 
with sectional curvatures bounded in absolute value by there is a convergent subse- 
quence of the pointed geometries 5(0, r) C Tm^Mi, whose limit is a C^'"-metric on an 
n-dimensional r-ball (i?oo, ""^oo)- If one has uniform bounds of the form || V'^Riem(Mj) ||oo 
< C{k) then one can assume that the limit is a C°°-metric and the convergence is (7°^. 

Define an equivalence relation ~j on B (O, C Tm..Mi by saying that y z ii exp^. (y) = 
exp^^(z). Then B (rrii, |) C Mj equals {B (O, |) C TrmMi)/ r^i. The equivalence relation 
~i is the equivalence relation of a pseudogroup Fj of local isometries on 5(0, r) C Tm^Mi, 
also called the fundamental pseudogroup 7ri(Mj, mj; r). One can take a convergent subse- 
quence of the pseudogroups, in an appropriate sense, to obtain a limit pseudogroup Too 
of local isometries of B^o, which is a local Lie group. Furthermore, a neighborhood of the 
identity of Too is isomorphic to a neighborhood of the identity of a nilpotent Lie group. 
In particular, after passing to the subsequences, the pointed Gromov-Hausdorff limit of 
{B (m„ §) C M,}Zi is {B {m^, |) C B^) /T^. 

In this way one constructs a limiting |-ball. It has the drawback that it only describes 
the (lifted) geometry near the basepoints m^. As one started with complete Riemannian 
manifolds, one would like to have a limiting object which in some sense is also complete. 
For example, suppose that (M(,mi) = (M, m) for all i. The above process would produce 
the limiting ball B (O, |) C T^M, with Foo = ni{M,m;r). However, the limiting object 
should be all of (M, m). 

One way to construct a global limiting object would be to move the basepoints to 
other points inside of 5 (O, |) C Tm^Mj, construct new limiting balls, repeat the process 
and glue all of the ensuing balls together in a coherent way. In order to formalize such 
a limiting object, the notion of a "Riemannian megafold" was introduced in [56]. This 
essentially consists of a pseudogroup of local isometries of a Riemannian manifold. Another 
formalization was given in [38], in which the limiting object is a Riemannian groupoid. A 
Riemannian groupoid is an etale groupoid with a Riemannian metric on its space of units, 
for which the local diffeomorphisms coming from groupoid elements are local isometries. 
Riemannian groupoids have been extensively discussed in the literature on foliation theory, 
as they describe the transverse structure of Riemannian foliations. For details we refer to 
Section 5] and references therein. 

(We take this opportunity to make some corrections to [3H|. The oo on [3HI p. 629, line 
42] should read (0, oo). The [0, 1] on [Ml P- 658, line 15] should read [0, 1).) 

The upshot is that if {(Mj, mj)}^]^ is a sequence of pointed complete n-dimensional 
Riemannian manifolds, and if for every k G Z-° and R G M"*" there is some C{k,R) < oo 
so that for all i we have IV'^ Riem(Mj)| < C{k,R) on B{mi,R) C Mi, then a subse- 
quence converges smoothly to a pointed complete closed effective Hausdorff n-dimensional 
Riemannian groupoid (©ocOa;^) [3Sl Proposition 5.9]. This statement is essentially a 
reformulation of results of Cheeger, Fukaya and Gromov. 
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Let © be a complete closed effective Hausdorff Riemannian groupoid. It carries a certain 
locally constant sheaf g of finite dimensional Lie algebras on its space of units These 
Lie algebras act as germs of Killing vector fields on <&^^\ Elements of that are sufficiently 
close to the space of units in the 1-jet topology, appear in the image of the exponentials 
of small local sections of g. In our case, the Lie algebras are nilpotent and there is no point 
X G at which all of the corresponding Killing vector fields vanish simultaneously, unless 
= 0. We will say that is locally free if the isotropy groups @^ are finite. 

Remark 3.1. The locally constant sheaf g is analogous to a pure Nil-structure in the sense of 
[3]; see [19] for a recent survey. It may seem surprising that we always get pure structures 
on our limiting spaces, since a manifold that collapses with bounded curvature generally 
carries a mixed Nil-structure if the diameter is not bounded during the collapse. The point 
is that we are considering a completely collapsed limit. In general, given e,K,D > 0, 
there is a number 6 = S{n,e, K, D) so that if || Riem(M) ||oo< K then the fundamental 
pseudogroup tti {FM, p; 6) (which is represented by loops at p with length less than 6) 
can be continuously transported to any point q G B{p, D) C FM, and the result maps 
into 7ri(FM, g; e) [17l Lemma 7.2]. The fact that one generally cannot transport the short 
loops arbitrarily far, while keeping them short, is responsible for the appearance of mixed 
Nil-structures. As we are considering a completely collapsed limit, we can effectively move 
0^ to 0^ for an arbitrary value of D. 

The work of Cheeger-Fukaya-Gromov describes the local structure of a Riemannian 
manifold with bounded sectional curvature that is highly collapsed but not completely 
collapsed. The technique to do this, for example in [6], is to rescale the highly-collapsed 
manifold at a point p in order to make the rescaled injectivity radius equal to 1 and the 
sectional curvatures very small. One then argues that the local geometry around p is 
modeled on a complete flat ra-dimensional manifold other than M", giving the local F- 
structure. When dealing with Ricci flow this rescaling is problematic, as it does not mesh 
well with the flow. For this reason, we only deal with completely collapsed limits. 

The notion of smooth pointed convergence of Riemannian groupoids is given in [38], 
which extends these collapsing considerations to the Ricci flow. (Related Ricci flow limits 
on a single ball in a tangent space were considered in [H].) In [38] the Ricci flow on an 
etale groupoid was considered. This consists of a Ricci flow g{t) on the space of units ©"^^^ 
in the usual sense, so that for each t the local diffeomorphisms (arising from elements of 
6) act by isometries. One has the following compactness theorem. 

Theorem 3.2. [38, Theorem 5.12] Let {(Mj,pj, (7j(-))}^^ he a sequence of Ricci flow so- 
lutions on pointed n-dimensional manifolds {Mi,pi). We assume that there are numbers 
—oo < A < and < Q < oo so that 

1. Each Ricci flow solution {Mi,pi, gi{-)) is defined on the time interval {A,Q). 

2. For each t G {A,Q), gi(t) is a complete Riemannian metric on Mi. 

3. For each compact interval I C {A, Q) there is some Kj < oo so that \ Iliem{gi){x, t)\ < 
Kj for all X & Mi and t & L 
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Then after passing to a subsequence, the Ricci flow solutions gi{-) converge smoothly to 
a Ricci flow solution goo{') on a pointed n- dimensional etale groupoid i'&oojOx^), defined 
again for t G {A, Vt). 

This theorem is an analog of Hamilton's compactness theorem [26], except without the 
assumption of a uniform positive lower bound on the injectivity radius at Pi G (Mj, (^^(O)). 
In Hamilton's theorem one obtains a limiting Ricci flow on a manifold, which is a special 
type of etale groupoid. The proof of [381 Theorem 5.12] is essentially the same as the proof 
of Hamilton's compactness theorem, when transplanted to the groupoid setting. 

Remark 3.3. If {diam(Mj, (7j(0))}^]^ is uniformly bounded above then (©oo, fi'oo(O)) has 
finite diameter and we do not have to talk about basepoints. 

An immediate consequence of Theorem 13.21 is the following. 

Corollary 3.4. [38, Corollary 5.15] Given K > 0, the space of pointed Ricci flow solutions 
on n-dimensional manifolds, with sup^gj-]^ t || Riem{gt) ||oo < K, is relatively compact 
among Ricci flows on pointed n-dimensional etale groupoids, defined for t G (1, oo). 

The next proposition will be used in later sections. 

Proposition 3.5. Let {M,g{-)) be a Ricci flow solution on a closed orientable 3-manifold 
that is defined for all t G [0, oo). Suppose that 

1. The sectional curvatures of {M, g{t)) are uniformly 0(t^^) and 

2. diam(M,c/(t)) =0{t^). 

Then M is irreducible, aspherical and its geometric decomposition contains a single 
geometric piece. 

Proof. As mentioned in Section [21 since the Ricci flow exists for all t G [0, oo) it follows that 
M is aspherical. The validity of the Poincare Conjecture then implies that M is irreducible 
[m Theorem 2]. 

Put ^{t) = From the evolution equation for the scalar curvature R and the max- 
imum principle applied to i? + ^, it follows that vol(M, ^(t)) is nonincreasing in t; see, 
for example, [El (1.7)]. Suppose that lim(_>oo vol(M, ^(t)) > 0. Then {M,g{t)) is noncol- 
lapsing. Recall Definition 11.11 If is a sequence tending to infinity then Hamilton's 

compactness theorem [2S] implies that after passing to a subsequence, there is a limiting 
three-dimensional Ricci flow solution (Moo, f/ool")) — l™i-s>oo (^)fi'sj("))- From the diam- 
eter assumption, M^o is diffeomorphic to M. Using monotonic quantities, one can show 
that (Moo, 5^00 (^)) has constant sectional curvature — ^; see [TH Section 1] and references 
therein. Thus M has an i/^-structure. 

Now suppose that limt^oo vol(M, ^(t)) = 0. Then (M, ^(t)) collapses with bounded 
sectional curvature and bounded diameter. There will be a sequence — )■ oo such that the 
Gromov-Hausdorff limit \im.i^ao{M ilfiti)) exists and equals some compact metric space X 
of dimension less than three. In what follows we use some results about bounded curvature 
collapsing from [49j and references therein. 

If dim(X) = then M is an almost fiat manifold and so has an or Nil-structure [19] . 
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If dim(X) = 2 then X is a closed orbifold and M is the total space of an orbifold 
circle bundle over X [121 Proposition 11.5], from which it follows that M has a geometric 
structure. 

Finally, suppose that dim(X) = 1. First, X is S*^ or an interval. If X = S*^ then M is 
the total space of a torus bundle over and hence carries a geometric structure. If X 
is an interval [0, L] then there is a Gromov-Hausdorff approximation vr : M — )■ X with 
7r~^(0, L) = (0, L) X T^. Now X is locally the quotient of M by a fixed-point free T^-action 
[5]. If the action is locally free then [0, L] is an orbifold. As the orbifold [0,L] is double 
covered by S^, the manifold M is double covered by a T^-bundle over S^. Hence in this 
case, M has a geometric structure pD] . 

Suppose that the T^-action is not locally free, say on 7r~^[0,(5), with S small. From 
the slice theorem, a neighborhood of 7r~^(0) is equivariantly diffeomorphic to T"^ R-^, 
where H is the isotropy group. As the T^-action has no fixed points, H must be a virtual 
circle group. However, since M is aspherical, the map 7ri(T^) — > tti{M) must be injective 
[71 Remark 0.9]. This is a contradiction. Similarly, the T^-action must be locally free on 
7i-\L-S,L]. □ 

Remark 3.6. In our case, one can see directly that there is a contradiction if if is a virtual 
circle group. Suppose so. Then 7r~^([0, S]) (or 7i~^{[L — 6, L])) is diffeomorphic to x D^. 
If the T^-action fails to be locally free on both 7r~^([0,5]) and 7i~^{[L — S,L]) then M is 
the union of two solid tori and so is diffeomorphic to S^, 5*^ x S*^ or a lens space. If it fails 
to be locally free on exactly one of 7r^^([0,5]) and 7r^^([L — S,L]) then a double cover of 
M is diffeomorphic to 5*^, x S*^ or a lens space. In either case, M fails to be aspherical. 

Remark 3.7. By the argument of the proof of Proposition 13.51 we can say the following 
about aspherical 3-manifolds that collapse with bounded curvature and bounded diame- 
ter. If M carries an if^-structure then it cannot collapse. If M carries an x M or 

SL2(M)-structure then it can only collapse to a two-dimensional orbifold of negative Euler 
characteristic. If M carries a Sol-structure then it can only collapse to 5*^ or an interval. 
However, if M carries an or Nil-structure then a priori it could collapse to a two- 
dimensional orbifold with vanishing Euler characteristic, a circle, an interval or a point. 
We will show that under the Ricci flow, with our curvature and diameter assumptions it 
can only collapse to a point. 

Remark 3.8. Some results about three-dimensional type-IIb Ricci flow solutions, i.e. Ricci 
flow solutions defined on [0, oo) with lim sup^.^.^^ t || Riem{g(t)) ||oo = oo, were obtained in 
[9] . Although phrased differently, the collapsing results in [9] can be considered to be results 
about Ricci flow solutions with nonnegative sectional curvature on three-dimensional etale 
groupoids. 

4. Dimensional Reduction 

In this section we consider a Ricci flow {M,g{-)) which is invariant under local actions 
of a connected abelian Lie group on M. We first define the notion of a twisted principal 
bundle and write out the Ricci flow equation for an invariant metric g on the total space 
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M. The Ricci flow equation becomes as a coupled system of equations on the base B of 
the twisted principal bundle. We construct modified J-", W and W+ functionals for g{-) 
and show that they are monotonic. We use W+ to show that any blowdown limit of ^(■) 
satisfies the harmonic- Einstein equations of [55] . 

Related functionals were considered independently by Bernhard List [37] and Jeff Streets 
[53] . (I thank Gerhard Huisken and Gang Tian for these references.) In [37] the modified J-"- 
functional is considered in the special case when = 1 and A\ = 0. The motivation comes 
from the static Einstein equation. In [53], modified J-" and W-functionals are considered 
for a certain invariant flow on the total space of a principal bundle, with the fiber geometry 
being fixed under the flow. 



4.1. Twisted principal bundles. Let ^ be a Lie group, with Lie algebra g. Let B be 
a connected n-dimensional smooth manifold. Let £^ be a local system on B of Lie groups 
isomorphic to Q. Fixing a basepoint bo ^ B and an isomorphism Sb^^ = Q of the stalk over 
bo, the local system is specified by a homomorphism p : ni{B, b) — )■ Aut(^). Equivalently, 
we have a ^-bundle E = Q XpB over B, with a flat connection, which gives the etale space 
of the locally constant sheaf £. Put e = gXpB, a fiat g- vector bundle on B. We will write 
y^maxg _ \max^ XpB foT the Corresponding flat real line bundle on B of fiberwise volume 
forms, and |A'"'*'^e| = jA'^^^gl Xp B foi the flat M-°-bundle of fiberwise densities. 

Hereafter we assume that the density bundle |A'"'*^'e| is a flat product bundle x S. 
(Some of the subsequent results do not need this assumption, but for simplicity we will 
assume uniformly that it holds.) 

Example 4.1. If ^ = then Aut(^) = GL(A^,M) and E = e is a flat R^-bundle over B. 
The assumption on lA^^^el means that the holonomy of e lies in det~^(±l). If Q = 
then Aut(^) = GL(A^, Z), is a flat T'^-bundle over B and e is a flat M^-bundle over B. 
In this case the assumption on |A'""^e| holds automatically. 

Let TT : M — > i? be a fiber bundle with fiber Q. We write E^ for the fiber of E over b E B 
and Mf, for the fiber of M over b E B. Consider the fiber product ExbM = [Jftes x ^b- 
We assume that there is a smooth map E x^ M ^ M so that over a point b E B, the 
map Ef, X Mb — )• Mb gives a free transitive action of Q = Eb on Mb. The action must be 

consistent with the flat connection on E in the sense that if t/ C -B is such that E =U xQ 

u 

is a local trivialization of the flat ^-bundle E then 7r~^(f/) has a free ^-action, and so is 
the total space of a principal ^-bundle over U . In this way, M can be considered to be 
a twisted principal ^-bundle over B, with the twisting coming from the flat ^-bundle E. 
There is a natural isomorphism between the vertical tangent bundle T'"'^^^M = Ker((i7r) 
and 71* e. 

An isomorphism of two twisted principal ^-bundles vr : M — )■ i? and it' : M' — )■ B' is 
given by a diffeomorphism rj : B ^ B', an isomorphism (p : E ^ E' of flat ^-bundles 
that covers rj, and a diffeomorphism : M — > M' that covers rj with the property that for 
all m G M and x G -E7r(m); "we have 0(x ■ m) = 0(x) ■ (f){m). 
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It makes sense to talk about a connection A G Q^{M;'K*e) on a twisted principal Q- 
bundle M. The restriction of A to 7t^^{U) is a g- valued connection in the usual sense. 
We assume that M has a Riemannian metric g with a local free isometric ^-action. This 

means that HE = U x Q is a local trivialization of E as above then the action of Q on 

u 

7r~'^{U) is isometric. 

Hereafter we assume that ^ is a connected A^-dimensional abelian Lie group. 

Suppose that U is also small enough so that U is a. coordinate chart for B with local 
parametrization {a;"}^^^ — ?■ p{x°') G U . Take a section s : f/ — )■ 7r^^(f/). Choosing a basis 

{^i}f=i of 0, we obtain coordinates on 7r^^(f/) by (a;",x*) — )■ exp ^l^^i a^^Cj j ■ s(p(x")). In 

terms of these coordinates we can write 

N n 

(4.2) 9 = (d^' + A')idx^ + + Yl dx"dx^. 

i,j=l a, 13=1 

Here Gij is the local expression of a Euclidean inner product on e, J2a ^=i Qajidx^^dx^ is the 
local expression of a Riemannian metric on B and A* = A^^dx"" are the components 
of s*A. A change of section s changes A^ by an exact form. The curvatures = dA^ form 
an element of VL^{B] e). 

If M and M' are two twisted principal ^-bundles then an isomorphism cf) : M ^ M' 
can be written in local coordinates as 

(4.3) <P{y\y') = (x"(i/^),^n/ + f{y^)), 

k 

where the T*^'s are constants. It covers a diffeomorphism rj : B ^ B' . The isomorphism 
(f) : E ^ E' of flat ^-bundles is represented locally by the functions T*^. 

A locally ^-invariant Ricci flow is a 1-parameter family of such Riemannian metrics 
(M, ^(■)) that satisfies the Ricci flow equation. We will consider a basepoint for such a 
solution to be a point p E B. 

Let {{Mi, pi,g^(-))}°^^ be a sequence of locally ^-invariant Ricci flow solutions defined 
for t G (1,00). We say that limi^oo(iWi,pi,^^(-)) = (Moo,Poo,^oo(")) if there are 

1. A sequence of open subsets {Uj}'jLi of B^o, containing p^o, so that any compact subset 
of eventually lies in all Uj, and 

2. Open subsets Vij C Bi containing Pi and isomorphisms : T^^iUj) 
sending vr^^(poo) to tt^^ (pi) so that 

3. For all j, limi^oo 0*j 9i{-) = ^oo(-) smoothly on Tr-^{Uj) x [1 + 1 + j]. 
If -Boo is compact then we can remove the reference to basepoints. 

4.2. Ricci flow on twisted principal bundles. In what follows, we use the Einstein 
summation convention freely. Let (x",x*) be local coordinates on 7r~^{U) as in Subsection 
KT\ Writing A' = Yll=i dx"", put F^^ = d^A'^ - dpA^^. We also write 

(4.4) Gij;al3 = Gij^aji ~ r°a/3 Cij.cr; 

where {r*^^^} are the Christoffel symbols for the metric gap on B. 
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Given 6 e [/, it is convenient to choose the section s so that A^{b) — 0. Then the 
curvature tensor Rijkl of M is given in terms of the curvature tensor Ra^-yS of the 
2-forms and the metrics Gij by 

(4.5) 

Rijka = ^ g'^^ Gjm Gik,l3 - - gl^^ Gim Gjk,/3 

~r> /^mk i r^mk ^ ^jS r~i Tpm zrife i ^ ^jS ipm Tpk 



Riaj/S — - T; Gij-a^ + - G^^ Gik,p Gji^a + T g"'^ Gik Gji F^^ F^pg 



Rial3-y = - Gij F^^.^ + - Gij^a F^^ + - Gij^js F^^ — - Gij^^ 
RaPjS = Rap'yS " ^ Gij F^i^ F^g - - Gij F^^ F^^g + - Gij F^g Fj^. 

The Ricci tensor is given by 
(4.6) 

Rij = — 2 9"'^ Gij-ap — - g"'^ G^^ Gki,a Gij^is + - g"^ G^^ Gik,a Gij^^ + - g'^^' g'^^ Gik Gji F^^ Fl^g 

\ \ \ 

Ria = 7: 9^^^ Gik F^^.g + - g'^^ Gik,^ F^g + - g'^^ Gim G''^ Gki,j F^g 



2 

1 . . 1 . 1 

-Ra/3 = Ra0 - 2 G'^ Gij-aP + ^ G'^ Gjk,a G^^ Gu^p - - g^^ Gij F^^ F^pg. 



The scalar curvature is 
(4.7) 

R=R-g'^^G'^Gij,^0+\g^PG^^Gjk,o^G^'Gu,(^-\g''^G^'Gij,^G^'Gu^^^^ 



Consider a 1-paramctcr family of such Riemannian metrics g{-) on M. Writing Gij{t), 
Al^{t) and ga^it) as functions of the Ricci flow equation becomes 

(4.8) ^ {Gij{dx' + A'){dx^ + A^) + g^pdx'^dx^) = 

- 2Rij {dx' + A'){dx^ + A^) - 4 Ria {dx' + A')dx'' - 2 Rapdx'^dx^. 
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Equivalently, 
(4.9) 

Q^'' = Gij;al3 + 2 9"^^ Gkl,a Gij^p — q""^ G^^ Gik,a Glj^p — - g"'^ Q^^ Gik Gjl F^i^ 

= -9'' Kr,s - 9'' G^' G,kn F^s - 2 9'' G'^ G^,, F^, 



dgc 



— —'^Rcxp + G^^ Gij-ap — - G^^ Gjk,a G^^ Gii^j3 + g^^ Gij F*^ F^^. 



Adding a Lie derivative with respect to —V In ^J(\ei{Gij) to the right-hand side, and adding 

at 



an exact form to the right-hand side of the equation for gives a new equivalent set of 



equations : 



r)C 1 
(4.10) = g'^^ G.,,o.p - g-f" G'' G.k,a Gi,,p - - g'^'^ g^' G., G,i F^^ F\, 

-qT = -9'' Kr,s - 9'' G^' G,k,, F^s 



— —'^Rap + 2 Gjk^a G^^ Gii^p + g"'^ Gij F^^ F^g. 

The equations in fl4.10p consist of a heat type equation for Gij, a Yang-Mills gradient 
flow type equation for and a Ricci flow type equation for ga^. If B is closed then an 
extension of the DeTurck trick [13] to our setting shows short-time existence and uniqueness 
for the system (14.10p . 



4.2.1. Modified -functional. We now assume that B is closed. 

Definition 4.11. Given f G C°^(5), put 

(4.12) 

J^{Gij, A"^, gap, f) = 

J^(^\Vff + R - \g''^G'^G,k,aG'^Gu,p - \g''' g^' G., F'^^ F^,^ e"^ dvob . 

If = 0, i.e. if M = B, then this is the same as Perelman's J-'-functional [13]. Otherwise, 
the expression in f l4.12p differs from Perelman's J-'-functional by the subtraction of terms 
corresponding to a Dirichlet energy of the field G and a Yang- Mills action for the connection 
A. 

We now compute the variation of J-". 



DIMENSIONAL REDUCTION 



17 



Lemma 4.13. Given a smooth 1 -parameter family {{Gij{s), Al^{s), gapis), f{s))}s£(^_e,e), 



write Gij = 



A 



a ds 



s=0 



s=0 



and f 



ds 



Then 



s=0 



(4.14) 
d 
ds 



J^{Gij, Al^, gai3, f) 



- / GkiG'^&^ 
Jb 



i g^^ G.,,,^p + ^ g'^P G'' G,k,a Gi,,^ + ^ g'^^ g^' G,, G,i F^^ F\, + 1 g^^ G,,- , f,^ e"^ 
2 4 g'^^ G., Q g^' Fl^.^, + \ g^' G^^ G,,,, - \ g^' F, 



~^ cIvoIr — 



(^2VV - I V/p + i? - 1 ^"/^ G^^- G,,,„ G'^' G,,^ - ^ ^7''' G,, F^^ F^,^ e^f dvob • 

Proof. This follows from a calculation along the lines of the corresponding calculation for 
Perelman's J-'-functional; see [311 Section 5]. □ 



As a consequence of Lemma I4.13[ we can show that J-" is nondecreasing under a certain 
flow. 



Corollary 4.15. Under the flow equations 



(4.16) 

9G,; 



dt 

dt 
dgai 

dt 
dl 
dt 



Gij-ap — g°'^ G'^^ Gik,a Gij^is — - g"''^ g^^ Gik Gji F^a FL — g""^ Gij^a f,i3 



g^' Fl^.^s - 9^' G,ka F^s + 9^' K 



k 

a5 



2 Rap + - G*-' Gjk,a G^^ Gii^p + g"^^ Gij F^^ Fj^g — 2 f-ap 
R+^g-^ G'^ G,k,a G'' Gu,p + \ Gij Flp F^g - V'f 
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one has 
(4.17) 
d_ 
It 
1 



T{Gij, A^, gal3, f) 



B 



fi'"^ Cjjja/j — (7"'^ G^^ Gik,a Gij^i3 — - g°''^ g'^^ Gik Gji F^^ — g"^ Gij^a f,i3 



~^ dvols + 



/ \9^'Kr,s + g^'G^'G,,,,F'^, - g^'f,,F'J e'f dvob + 



B 



1 



G,, F^, Fj, + 



e •'^ dvol s . 



□ 



1 

Proof. This is an immediate consequence of Lemma 14.131 

As with Perelman's J-'-functional, we now perform an infinitesimal diffeomorphism to 
decouple the equation for / and obtain the Ricci flow on M. 

Corollary 4.18. Under the flow equations 
(4.19) 



dG 



dt 

dK 
dt 
dgap 
dt 
d{e-f) 
dt 
one has 
(4.20) 

—J'{Gij, A]^, gap, f) 



g""^ Gij-a/B — 9°"^ G^^ GikM Gij^i3 — - g"'^ g^^ Gik Gji F^^ 

- g^' Fl^.^, - g<' G^^ G,,,, F^^ 

- 2 Rai3 + - G'-' GjkM G^^ Gii^i3 + g'^^ Gij F^^ F^^ 

- V e-f + G,k,a G'^ Gu,p - \ g'^^ g^' G,, F^^ F^,^ 



\ r ^ 5 k I 

- y (yf" Gij-ai3 — 9°" G Gik^a Gij^p — - fi'"'^ g Gik Gji F^p F^^ — g"" Gij^a f,i. 

f k"'^:,;. + 9''G'^G,k,,F^, - g^'l,F^s\' e'^ dvob + 
Jb 



dvolfi + 



B 



- G'J Gjk,a G^^ Gii^p - -g^^ Gij F*^ F^^ + /.^ 



e ^ dvol 



B ■ 



Proof. This follows because the right-hand sides of f l4.16p and fl4.19p differ by a Lie deriv- 
ative with respect to V/. □ 

Note that the first three equations in fl4.19p are the same as fl4.10p . 

We now analyze what it means for J-" to be constant along the flow (14. 19p . 
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Proposition 4.21. IfJ^{Gij, A^, ^f^/?, /) is constant in t then = 0, det(Gy) is constant 
and 

(4.22) ^7°^ G,j,o.p - g'^P G"^' G,u,a Gi^,p = 0, 

Rafi — - G*-' Gjk,a G^^ Glials = 0. 



Proof. From f l4.20p . we have 

1 
2 

and 



(4.23) g^^ G,,,^p - g^^ G"=' G',fc,„ Gi.^p - - g'^'' g"' G,k G,i F^^ F\, - g''^ G,,, „ = 



(4.24) Rai3 — - G*-' Gjk^a Gii^p — -g^^ Gij F^^ F^^g + /.q,^ — 0. 
Multiplying fl4.23p by G^^ and summing over indices gives 

(4.25) V^lndet(G,,) - (V/, V lndet(G,,)) - ^ g'^'' g^' G,, F'^^ F^^ = 0. 

(Here we are using the trivialization of |A™''^^e| to think of det(Gjj) as a function on B, 
defined up to multiplication by a positive constant.) Equivalently, 

(4.26) V° (e-^V, lndet(G,,)) - ^ e-^g'^^' g^' G,, F^^ F^, = 0. 

Integrating (14.261) over B gives = 0. Then multiplying f l4.26p by Indet(Gij) and 
integrating over B gives Vlndet(Gij) = 0, so Indet(Gij) is spatially constant. 
Given that F^^ = 0, the equation for G"^^^^ implies 

d 

(4.27) — Indet(Gij) = Indet(Gij). 

Thus Indet(Gjj) is also temporally constant. 
As det(Gjj) is spatially constant, we have 

(4.28) G*-* Gij-a/s — G'-' Gjk^a Gu^p = 0. 
Along with the fact that = 0, it follows that 

Ria = 

1 



(4.29) Rij — — - (7"^ Gij-a/s + 77 g'^^ G^^ Gik^a Gij^p 



Rap — Rap — — G*-' Gjk^a G^' Gn^p 



and 



(4.30) R = R-^g-l^ G,k,a G'' Gu^p. 
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From equation (14. 241) . 
(4.31) / R dvob = 0. 



B 

On M , the evolution of the scalar curvature is given by 

(4.32) ^ = v':R + 2 \Ru?. 

In our case, and using the fact that det(Gij) is spatially constant, this becomes 



(4.33) — = V^R + 2 |i?i,f + 2 \Ro,p\\ 
From (|4T9|) . (1423]) and ( I^Mj) . the flow equations are 

dt 

dgap 



(4-34) ^ = g-^ 



^ 2 

As the right-hand side of f l4.34p is given by Lie derivatives with respect to V/, it follows 
that 



(4.35) — = (V/,V:R). 
Thus 

(4.36) V^R + 2\Rij\^ + 2\R^p\^ = {Vf,VR), 
or 

(4.37) V^R + 2\RiA^ + 2\R^b - -Rgasl^ + -R^ = {Vf,VR). 

n n 

From fl4.3ip . either i? = or Rmm < 0. If Rmin < then we obtain a contradiction to 
the minimum principle, applied to (I4.37p . Thus R = 0. Equation f l4.37p now implies that 
Rij = Raj3 = 0, which proves the proposition. □ 

From fl4.19p . under the conclusion of Proposition 1^^211 it follows that Gij, A^^ and gap are 
time-independent. The Ricci flow solution 'g^oi') on M is Ricci-flat. In the case = the 
proof of Proposition 14.211 essentially reduces to the standard proof that a steady gradient 
soliton on a compact manifold is Ricci-flat; see, for example, [HI Chapter 1]. 

Withdet-^(±1) C GL(Ar,M), we can write det-^(±l)/0(iV) = SL{N,R)/ SO{N). From 
[38| Proposition 4.17], the first equation in f l4.22p says that the map b — )■ Gij{b) describes 
a (twisted) harmonic map G : B ^ det~^(±l)/ 0(iV). The twisting refers to the fact that 
if the flat M^-bundle e has holonomy representation p : 7ri(i?,6o) ~^ det~^(±l) then we 
really have a harmonic map G ■ det~^(±l)/0(iV) which satisfies ^(76) = p{i)G{h) 

for 7 G 7Ti{B,b) and b in the universal cover B. After passing to a double cover of 
B if necessary, we can assume that p takes value in SL(A^, M). For simplicity, we will 
make this assumption hereafter and consider G to be a twisted harmonic map from B 
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to SL(A^, M)/ SO(A^). Information on such twisted harmonic maps appears in [12], [301 
Section 1.2] and [SB]- Given p, such a twisted harmonic map G exists if and only if the 
Zariski closure of Im(p) is reductive in SL(A^, M). Given p, if there are two such equivariant 
harmonic maps Gi and G2 then there is a 1-parameter family {Gt}t£[i,2] of such equivariant 
harmonic maps, all with the same quotient energy, so that for each b & B the map t — )■ Gt{b) 
is a constant-speed geodesic arc, whose length is independent of b. 

If the second equation in fl4.22p is satisfied then B clearly has nonnegative Ricci curva- 
ture. 

We now look at the solutions of f l4.22p . 



Proposition 4.38. Any solution g of ^^^22) is a locally product metric on a Ricci-flat base 
B. 

Proof. From the second equation in fl4.22p . B has nonnegative Ricci curvature. For some r, 
the universal cover B is an isometric product of W and W, where is a simply-connected 
closed (n — r)-dimensional manifold of nonnegative Ricci curvature [1]. As before, let 
G ■ B^ SL(A^, M)/ SO(Ar) denote the lift of G to B. 

Let x^, . . . , x** be Cartesian coordinates on W and let x'^^^, . . . , x" be local coordinates 
on W . From the second equation of fl4.22p . Gij^a = for 1 < a < r. That is, G is constant 
in the M'^-directions. Then the first equation of fl4.22p implies that for each y G M*", the 
restriction of G to {y} xW is a. harmonic map from W to SL(iV, M)/ SO(iV). It follows 
that for each y G M'', the restriction of G to {y} x is a point map. Thus G is constant. 
From the second equation of f l4.22p . B is Ricci flat. The conclusion is that B is Ricci flat 
and G is locally constant. □ 

In the next proposition we use J-" to analyze a long-time limit of a locally ^-invariant 
Ricci flow solution. The method of proof is along the lines of the proof of [14, Theorem 
1.3]. 

Proposition 4.39. Suppose that {M,g{-)) is a locally Q-invariant Ricci flow defined for 
all t G [0,00). Let {si}'^i be a sequence of positive numbers tending to infinity. Put 
diit) = Vit+^i)- Suppose that limi^oo 9 exists and equals g^{-) in the sense of Subsection 
\4.1\ for a locally Q-invariant Ricci flow ^oo(') '"^^^^ ^ compact base B^q. Writing g^{-) = 
{Gij,oo{-),A'a,oo{-)^9ap,oo{-)), wc concludc that 

1. The curvatures F^^^^^ vanish. 

2. det(Gij,oo) is constant. 

3. Equations Ili4.22^ are satisfied for Gij^ooi') (ind ga/3^oo{-) ■ 



Proof. We first construct a positive solution of the conjugate heat equation 

(9?/ / 1 1 

(4.40) — = - + [R - - g^^ G^^ G^' Gu,p - - G., F^^ F^, 



u. 



that exists for all t G [0, 00). Note that if u is a solution to fl4.40p then u dvol^ is constant 
in t. Let {tj}Y=i be a sequence of times going to infinity. Let Uj{-) be a solution to f l4.40p 
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on the interval [0,tj] with initial condition Uj{tj) = vo1(b g g(t )) " ^'^^ T > 0, we claim 
that a subsequence of the u/s converges smoothly on the time interval [0,T]. To see this, 
at time T + 1 we know that if tj > T + 1 then Uj{T + 1) > and Uj{T + 1) dvol^ = 1. 
Solving the conjugate heat equation with initial data at time T + 1, and restricting the 
solution to the time interval [0,T], gives a smoothing operator from the space of initial 
data {u e L\B) : u > 0, J^u dvolB(T + 1) = 1} to C°°([0,T] x B). Thus we have the 
derivative bounds needed to extract a subsequence of the u/s that converges smoothly on 
[0,T]. By a diagonal argument, we can extract a subsequence of the u/s that converges 
smoothly on compact subsets of [0, cxd) to a nonzero solution ^Ioo(-) of fl4.40l) . defined for 
te[0,oo). 

One can show, as in [211 Pf. of Proposition 7.5], that Moo(-) > 0. If fooit) is given 
by Uoo{t) = e~-^°°(*) then J^{Gij{t), A\{t), gai3{t), foo{t)) is nondecreasing in t. We write 
J^oo = linit_s.oo ^(Gjj(t), 5'a^(t), /oo(t)), which is possibly infinite for the moment. 

Next, put Uiit) = Uooit + Si). By assumption, limj_>oo ^j(-) = ^oo(') ^^e sense of 
Subsection 14.11 Then by the same smoothing argument as above, there is a subsequence 
of {ui{-)}°li that converges smoothly on compact subsets of [0, oo) to a solution Moo(-) 
of f l4.40p on Boo, where (14.401) is now written in terms of Gij^oo{-), ^aoo(') gai3,oo{-)- 
(When taking a convergent subsequence, we perform the same diffeomorphisms on the Uj's 
as are used in forming the limit limj_5.oo ^i(-)-) Define /oo(^) by Uoo{t) = e~ Then 
after passing to a subsequence, 

(4.41) 

^(Gij, oo(t), Al^{t),g^p^oo{t), /oo(t)) = lim J^{Gij{t + Si), A'^{t + Si), ^^/^(t + Si), fooit + Si)) 

' i—^oo 

^ yo- 

This shows that J^oo < oo and that J^{Gij^ooit) , A^^ ooit) : 9aP,oo{t) , fooit)) is constant in t. 
The proposition now follows from Proposition 14.211 □ 

Junfang Li pointed out that the modified J-'-functional has an (n + A^)-dimensional 
interpretation. Namely, for / G G°°iB), put 

(4.42) TiG,,,Alg^^J) = ! (|V7P + R) e"^ ^det(G,,) dvob . 

This is a renormalized version of Perelman's J-'-functional on M. 
Proposition 4.43. Put f = J -\n ydet(G~) . Then 
(4.44) T{Gij,Alg^^J) = J^iG,,, A^ g^f,, f). 

Proof. We have 



(4.45) f \Vf\'e--f y/det(G,,) dvob = f 

J B J B 



V/ + VlnA/det(a 



dvol 



B 
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and 



(4.46) 



V/ + V\nJdet{Gij) 



dvol 



B 



[\yf? + 2(V/,Vln^det(G.,)) + 
^ ^|V/|' + 2V2ln ^det(G,,) + 



Vln ./det(a 



dvol 



B 



Vln Wdet(Gi 



e ^ dvol 



(l V/l' + g'^^G'' G,,,^f, - g^^ & G,k,a G'' Gu^p + ^ g^^ G'= G,,,, 6"=' G^i,^ e'f dvob 



Combining this with f l4.7p gives 
(4.47) 



B 



V/ + Vln^/det(G',,-; 

1 .a/3 



+ i? I e"^ dvoli 



|V/|^ + R - -^g'^'G^^G.^^^G'^G,,, - -g^^g . „^ . 



q^^ Gi, FL e-f dvol 



which proves the proposition. 



□ 



4.2.2. Modified W-functional. 

Definition 4.48. Given f G C°°(5) and r e M+, j^tx^ 
(4.49) 



W(G,„A^,^«^,/,r) = 

r(^|V/p + - \g''^G'^G,,,^G'''Gu,p - \g-^ g^' G., F^^^ F^,^ + f - 
{Attt)~ 2" e^'^ dvols . 



If = 0, i.e. ii M = B, then this is the same as Perelman's W-functional The 
next proposition says how W varies along the Ricci flow. 
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Proposition 4.50. Under the flow equations 
(4.51) 



dt 

dt 
dgap 



g°'^ Gij.ai3 — g"'^ G^^ Gik^a Gij^p — - 5'"'^ g^^ Gik Gji F^i^ Fl 



I 

7(5 



9'' Kr,s 



g^' G^^ G,,,, 



— 2 Rap + - G^^ Gjk,a G^^ Gii^iB + g'^^ Gij F^^ F^^ 



-V'e-f + (r - - .9"^ G'^ G,k.a G^' Gu.B - - .9^^ F^, fL - 

-1 



dt 

dr 

dt 
one has 
(4.52) 

^>V(Gy,Ai,(7„;3,/,r) 



n 

^ g- Ujk,a Uii,p - 2 ' ^'"^ '^'^ 2r 



2 J ~ •^"^ ^''^ ^'J'"^ ~ 2 ^"'^ ^^"^ ^^'^ ^■'^ "^"^ ^'^^ ~ '^"'^ '^"^ 

/ \g^'Fl^.^, + ^7^^ G^^- G,,,, F,^, - g^'f,,F'J (47rr)-te-^ dvob + 



r 



2r 



— ^ C*'' Gjfc^Q G^' Gjj^^ — - g'^^ Gij F^^ F^^ + /.^^ — — gais 



(47rr) 



"■^ cIvoIr — 



\ ^ G., F^, F^, (4vrr)- t e"^ dvob 



Proof. The proof stands in relation to the proof of Corollary 14.181 as the corresponding 
statements about Perelman's W-functional vs. Perelman's J-'-functional; see [311 Section 
12]. □ 

Note that the | g""' g^^ Gij F^^ (47rr)~ t dvol^ term occurs on the right-hand 
side of fl4.52p with a negative sign. We now look at what it means for W to be constant in 
t, under the assumption that vanishes. 

Proposition 4.53. Suppose that = 0. If W{Gij, A^^, ga/3, f,T) is constant in t then 
det(Gjj) is constant and 

(4.54) g'^^ G,,,ap - g'^^ G'^' G.^,, Gi,,p - g'^f' G^,- « = 0, 



R. 



a/3 — ^ G*-' Gjk^a G^^ Gii^p + f-aP ~ ^ — 0. 
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Proof. The same argument as in the proof of Proposition 14.211 shows that det(Gjj) is 
constant. Then f l4.54p follows from fl4.52p . 

Unlike in Proposition 14.2 1[ we cannot conclude that / is constant, because of the exis- 
tence of nontrivial compact gradient shrinking solitons. □ 

Remark 4.55. The term ^ g"'^ g^^ Gij F^^F^^ (47rr)" t e~-^ dvol^ occurs on the right-hand 
side of fl4.52p with a useless sign. This is not surprising, as can be seen by looking at the 
Ricci flow on a round 3-sphere M, which we consider to be the total space of a circle bundle 
over S"^. We shift the time parameter so that the 3-sphere disappears at time zero. As the 
3-sphere gives a gradient shrinking soliton, the functional W is constant in t. However, 
the circle bundle has nonvanishing curvature. Hence having W constant in t cannot imply 
that F^p vanishes. 

We now look at some special cases of fl4.54p . 



Proposition 4.56. Under the hypotheses of Proposition \4-5^ if ^ ^ dim(i?) < 2 then the 
only solutions of ^ ■ 54\ ) occur when B is S"^ or MP^. 

Proof. The second equation in f l4.54p implies that 

(4.57) R dvolB ~ \ jj'^^ G,k,a G"' Gu,p dvob - ^ vol(S) = 0, 

from which the proposition follows. □ 

We now use W to analyze a blowup limit. 

Proposition 4.58. Suppose that {M,g{-)) is a locally Q-invariant Ricci flow defined for 
all t G (— T, 0), with T < oo. Suppose that F^^ = 0. Put t = —t. Let {si}°Z^ be a sequence 
of positive numbers tending to infinity. Pufg^ij) = Si'gi^sJ^T). Suppose that limj_j.oo ^i(') 
exists and equals ^oo(') sense of Subsection \4.1\ for a locally Q-invariant Ricci flow 

g^{-) with a compact baseB^, defined forr e (0,oo). Writing g^{-) = (Gij,oo(-)) 5'a/3,oo(-)); 
we conclude that 
1. det(Gij,oo) is constant. 



2. Equations \4-54\) ^'^c satisfied for Gij^ooi,-) and g^ji^ooi,-) ■ 

Proof. The proof is along the lines of the proof of Proposition 14.391 □ 
4.2.3. Modified W^- functional. 

Definition 4.59. Given f G G°^{B) and t G M+, put 
(4.60) 

W+iG,„A'^,g^pJ,t) = 

1^ t(^\Vff + R - \g''^G'^G,k,aG'^Gu,p - Ig""' 9^' G., F^,^ F^,^ - f + n 
(47rt)~ 5 e"-^ dvolfi • 
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If = 0, i.e. ii M = B, then this is the same as the Feldman-Ilmanen-Ni W+-functional 

In what follows, we will need a lower bound for W+ in terms of the scalar curvature of 
M and the volume of B. 



Lemma 4.61. If (Ant) ^ e dvols = 1 then 



(4.62) W+{Gi„Ai,g^^,f,t) > t R^in + ^ + | ln(47r) - In (r t vo\{B, g^^it))) 



Proof. From ( lOTj) . 



(4.63) W+{G,„Al^,g^0,f,t) 



B 



V/ + VlnA/det(a 



R\ - f + n 



t Rmin + n - {AtT 



t)-"^ [ fe-f dvob > 
Jb 



(47rt) 5 e ^ dvob > 



t Rmin 

+ n + - ln(47r) - In (r t vol(5, ^„^(t))) 



where we used Jensen's inequality. This proves the lemma. 



□ 



The next proposition says that if / satisfies a conjugate heat equation then W+ is 
monotonic under the Ricci flow. 



Proposition 4.64. Under the flow equations 



(4.65) 
dG 



dt 

dt 
dgap 



a"^ G 

7(5 jp- 



gO/S Qkl Q.^^^ Q^.^^ _ _ g<^-y gl^S Q^^ Q pk^ pl^^ 



9' 



ar,s ~ 9^^ ^jkn F^s 



dt 

d{e~f) 
dt 



2 Raj3 + - G^^ Gjk^a G^^ Gli^p 



Gij F^^ Ff^^ 



- e-f + {r-\ 9"-' G'^ Gu,, - \ g^^ G,, F^, F^, + |) 



DIMENSIONAL REDUCTION 



27 



one has 

(4.66) 
d_ 
di 

t 



W+{Gij,Al^,g^p,f,t) 



B 



g"^^ Gij-afi — g"^ Gik,a Gij^p — - g^'^ g^^ Gik Gji F^^ Fj^g — g^^ Gij^a f,fL 



2t 



2 e 



{Ant) 2 6-^ dvolfi + 

t [ \9''F^ar,s + g''G''G,knFts - 9^' 1, F^sf (47rt)- t e"/ civob + 
Jb 

Rai3 - ^ G'^ Gjk,a G^'- Gii^p - - g"'^ Gij F^^ + + — g^ 
\ ^ 9"' G,, F^, F^g (4vrt)- t e"^ civob • 
Proof. The proof is along the hnes of the proof of Corollary I4.18[ 

We now look at what it means for W+ to be constant along the flow fl4.65p . 

Proposition 4.67. If W+{Gij, A^^, g^/^, f,t) is constant in t then F*^ = 0, det(Gj 
constant and 

(4.68) 



dvol 



B 



□ 



IS 



af5 /^kl 



0, 



\ .. 1 

Ra0 ^ ^ G^^ Gjk^a G Gii^p + — gal3 = 0. 

Proof. From f l4.66p . we see first that F^o = 0. Then we also see that 



(4.69) 
and 

(4.70) 



G 



ij;al3 



-Ra/3 — ^ G^^ Gjk,a G Glials + f-af5 + — 9al3 



0. 



As in the proof of Proposition 14.211 we can show from fl4.69p that det(G'jj) is constant. 
Then equations ( I4.29P and (I4.30p hold. From (14. 70 p . we have 



B 



n 



(4.71) 

As in the proof of Proposition 14.211 we have 



0. 
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From fl4.65p . (I4.69P and (14 .70 p . the flow equations are 
(4.73) ^ = g-^ 

^ J -,013 + - go 



dt ""^ t 



It follows that 



(4.74) - ^ (V/.Vfl) - -. 

Thus 

(4.75) V^R + 2\Rij\^ + 2\Ro,p\^ + T = (V/,V:R). 

V 



Then 

(4.76) V^(7?+|) + + 2K, + i9„,P - i (fl+Ii) = (V/.v(fl+Ii)). 



From (14.711) . either R + ft = ^rnin + § < 0. If -Rmm + § < then we obtain a 
contradiction to the minimum principle, applied to (14. 76 p . Thus R + f = 0. From (14.760 . 
it follows that Rij = Ra/3 + ^gap = 0. This proves the proposition. □ 



Lemma 4.77. Under the conclusion of Proposition 4-67 , Gij and Al^ are time-independent, 
and gai3 is proportionate to t. 

Proof. This follows from (iJS]) and (ITOll . □ 

Remark 4.78. Equations (I4.68P were called the harmonic-Einstein equations in [3H], where 
they were used as an ansatz to construct expanding soliton solutions on the total spaces 
of flat vector bundles. 

We now use W+ to analyze blowdown limits. 

Proposition 4.79. Suppose that (M, ^(■)) is a locally Q-invariant Ricci flow defined for 
all t G (0, oo). Let {si}^^ be a sequence of positive numbers tending to infinity. Put 
9ii't) = g{sit). Suppose that limj^oo^i(') exists and equals ^oo(') ^he sense of 
Subsection \4.1\ for a locally Q-invariant Ricci flow g^{-) with a compact base Boo, defined 
/or t G (0, oo). Writing g^{-) = {Gij^oo{-),A\^{-),gap,oo{-)), we conclude that 

1- Kp,oo = 0. 

2. det(G'jj^oo) is constant. 

3. Equations ( [^.6'<^ are satisfied for Gij^ooi') (ind ga/3^oo{-) ■ 

Proof. The proof is along the lines of the proof of Proposition I4.39[ □ 

We now look at some special solutions of (I4.68p . Recall that p : Tii{B^h) — t- SL(A^) is 
the holonomy representation. 
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Proposition 4.80. Under the assumptions of Proposition 4-79, if N = then 'g^oif) = 
tgEin, where QEm is an Einstein metric on M = B with Einstein constant — i. If N = 1 
then Qooif) is locally an isometric product of M. or with {B, tgEin), where QEin is an 
Einstein metric on B with Einstein constant — |. For any N, if dim{B) = 1 then with an 
appropriate choice of section s, we can locally write Gijih) = {e^^)ij and gs = | Tr(X^)(i6^, 
where X is a real diagonal {N x N) -matrix with vanishing trace. 

If dim(5) = 2 and N = 2 then B has negative Euler characteristic. Also, 

1. g is a locally product metric and B has sectional curvature — ^, or 

2. p fixes no point of the boundary of SL(2,]R)/ S0(2) = and with the right choice of 
orientation of B, the map G : B is holomorphic. 

Proof. The = case is clear. As det(Gjj) is constant, if = 1 then we are in a local 
product situation. For any A^, if dim(i?) = 1 then the map b — )■ Gij{b) describes a geodesic 
in SL(A^, M)/ SO(A^, M), from which the proposition follows. (See [381 Example 4.27]). 

If dim(i?) = 2 and N = 2 then we can consider G to be a p-equivariant harmonic map 
u : B ^ H^. Choosing an orientation of B, we use a local complex coordinate z on 
B. There is a solution to the first equation in fl4.68p if and only if the representation p : 
7ri(i?) — )■ SL(2,M) is not conjugate to a (nondiagonal) representation by upper triangular 
matrices [301 EH] • If there is a solution to the first equation in f l4.68p then looking at the 
(iz^-component of the second equation in fl4.68p gives 

(4.81) u^u==0. 

We consider the subset of dH^, the boundary at infinity of H^, which is pointwise fixed 
by Im(p). It is either all of dH^, two points in dH^, one point in dH^ or the empty set. If 
all of dH^ is fixed by Im(p) then p is the identity representation, u descends to a harmonic 
function on B (which must be constant) and B has constant sectional curvature — If 
Im(p) fixes exactly two points of dH^ then p is conjugate to a diagonal representation 
and u maps to a nontrivial geodesic in H^. We can assume that u is real- valued. Then 
equation fl4.8ip implies that u is constant, which is a contradiction. As has been said, there 
is no solution to the first equation in f l4.68p if Im(p) fixes a single point of dH^. Finally, 
suppose that Im(p) fixes no point of dH^. Then u is constant or du has generic rank two. 
If u is constant then ^ is a locally product metric. Suppose that u is nonconstant. As du 
has generic rank 2, equation (I4.8ip implies that u is holomorphic or antiholomorphic. If u 
is antiholomorphic then we change the orientation of B to make u holomorphic. As u is 
nonconstant, Liouville's theorem implies that B has negative Euler characteristic. □ 

Remark 4.82. The solutions with dim(5) = 1, G^j{b) = (e*^)^ and = | Tt{X^) db"^ 
are generalized Sol-solutions. 

Remark 4.83. When dim(i?) = 2 and N = 2, the equations ( ]4.68p arose independently in 
the paper [52] on Kahler-Ricci flow. In that paper, which is in the holomorphic setting, 
the map G arises as the classifying map for the torus bundle of an elliptic fibration. The 
term | G^^ Gjk^a G^^ Gu^p of (I4.68p is called the Weil-Petersson term. The second equation 
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of fl4.68p . in the Kahler case, is considered to be a generalized Kahler- Einstein equation for 
the geometry of a collapsing limit. 

Remark 4.84. All of the results of this section extend to the case when B is an orbifold, 
E is a fiat orbifold ^-bundle over B, a manifold M is the total space of an orbifold fiber 
bundle it : M ^ B and Q acts locally freely on M (via a map E x b M ^ M) with orbifold 
quotient B. 

5. Equivalence classes of etale groupoids 

Let © be a complete effective path-connected Hausdorff etale groupoid that admits an 
invariant Riemannian metric on the space of units C^^^ We assume that 

1. equals its closure 6. 

2. The local symmetry sheaf g of © is a locally constant sheaf of abelian Lie algebras 
isomorphic to R^. 

Example 5.1. Let M be the total space of a twisted abelian principal ^-bundle as in 
Subsection 14. 1[ We can take <S> = E Xb M, where the fiat bundle E has the etale topology, 
with ©"^^^ = M. The local symmetry sheaf comes from the fiat vector bundle Tc*e on M. 

We can perform a similar construction in the setting of Remarli 14.841 where M is a 
manifold and B is an orbifold. 

The results of Section H] extend to the setting of a Ricci flow on 6, under the analogous 
curvature and diameter assumptions, provided that & is locally free. The reason is that 
the local structure of such an etale groupoid is the same as the local structure considered 
in Section |4] [22, Corollary 3.2.2]. We can then perform the integrals of Section H] over the 
orbit space of and derive the same consequences as in Section HI 

It will be useful to determine the global structure of such etale groupoids, at least in low 
dimensions. 

Proposition 5.2. Suppose that © is locally free. Then the orbit space O is an orbifold. 
There is a flat (orbifold) M.^ -bundle e on O associated to ®. 
If dim{0) = 1 then 25 is classified by the isomorphism class of e. 

In general, if e is trivial then © is equivalent to the groupoid of a principal bundle over 
O. It is classified up to groupoid equivalence by the orbits ci/GL(A^, M) on H^((9;]R^/ 

Proof. The proof is similar to the classification in [23] of the transverse structure of Rie- 
mannian foliations with low-codimension leaves. (As the paper [23j considers Riemannian 
groupoids that may not equal their closure, there is an additional step in [23] which consists 
of analyzing the restriction of the groupoid to an orbit closure. Since we only deal with 
etale groupoids that equal their closures, we do not have to deal with this complication.) 

Given x G ©"-^^ let be its orbit. There is an invariant neighborhood of the orbit 
whose groupoid structure is described by ^SSj, Corollary 3.2.2]. In particular, the point in 
the orbit space (9, corresponding to Ox, has a neighborhood U that is homeomorphic to 
V^/©^, where V is a representation space for the isotropy group ©^. This gives the orbifold 
structure on the orbit space. 
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The classification of such etale groupoids comes from the bundle theory developed in 
[2^ Section 2.3], which we now follow. For notation, if G is a topological group then let 
Gs denote G with the discrete topology. Suppose first that the isotropy groups 0^ are 
trivial, so the orbifold O is a manifold. Let U C O be a neighborhood of Ox as above. 
Let 71 : ©'■^^ O he the quotient map. By [22l Corollary 3.2.2], the restriction of to 
71^^ (U) is equivalent to the cross-product groupoid (M^ x f/) x R^, where acts on 
by translation and acts trivially on U. This gives the local structure of 6. It remains to 
determine the possible ways to glue these local structures together. 

To follow the notation of^[22, Section 2.1], put F = Rf c Diff(R^)5. The normalizer 
of F in Diff(R^) is M^x GL(A^,R) and the centralizer is = R^. We give A^^ the 
topology R^x GL(iV, R)^. 

Following the discussion in [22l Section 2.1], suppose that U C C is an open set. Consider 
the cross-product groupoid (R^ x ?7) x R^. Let S{U) be the self-equivalences of (R^ x 
U) x R^ that project onto the identity of U. This forms a sheaf £_ on O. We can cover O 
by open sets U such that 7i^^{U) is equivalent to (R^ x f/) x R^. It follows that the etale 
groupoids in question are classified by the set H^(C;^) |22l Proposition 2.3.2]. 

To compute }i^{0;£_), let R^ be the sheaf on O for which R^(?7) consists of smooth 
maps U — >■ R^, let R^ (also) denote the constant sheaf on O with stalk R^ and let 
GL(A^,R)5 (also) denote the constant sheaf on O with stalk GL(iV,R)5. As in (2.4.2)] 
there is a short exact sequence of sheaves 

(5.3) R^/Rf — ^^^GL(iV,R)5 — ^ 0. 

From [15j Theoreme 1.2], this short exact sequence of sheaves gives rise to an exact 
sequence of pointed sets 
(5.4) 

... ^H°(C;GL(iV,R)5) ^H^(C;R^/Rf) ^}l\0;£) — ^ H^(C; GL(iV, R)^). 

The set H^(C; GL(A^,R)5) is the same as the set of homomorphisms ni{0) GL(iV,R) 
modulo conjugation by elements of GL(A^, R) or, equivalently, the set of equivalence classes 
of flat R^- vector bundles on O. The image of the classifying element of 6, under the 
map }i^{0;S) — > H^(C; GL(A^, R)^), classifies the fiat R^-vector bundle e mentioned in 
Proposition 15.21 More explicitly, the transition functions of e come from the image under 

— > GL(A^, R)^ of the transition functions of C5. 

The short exact sequence 

(5.5) ^ Rf ^ R^ R^/Rf ^ 
of sheaves of abelian groups gives a long exact sequence 

(5.6) ... Hi(C;R^) ^ Hi(C;R^/Rf) ^^(CjRf) ^}i'{0;R^) ^ ... 

of abelian groups. As 1^ is a fine sheaf, it follows from (El]) that H^(C;l^/Rf) = 

H2(C;Rf) = H2(C;R^). 

As 11° consists of global sections, (15. 4p gives an exact sequence of pointed sets 

(5.7) GL{N, R) ^ E\0; R^) ^ R^O; £) Yi\0; Gh{N, R)^). 
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If dim(C) = 1 then from ([EZD, the map }i\0;£) — > R\0;GL{N,R)s) is injective. 
Thus © is determined up to groupoid equivalence by the isomorphism class of the flat 
vector bundle e. 

If O has arbitrary dimension, suppose that e is trivial. Consider the preimage under 
ii\0;S) — > R\0; GL{N,R)s) of the element in R\0; GL{N,R)s) corresponding to the 
identity representation. By (15. 7p . this preimage can be identified with the orbit space for the 
action of GL(A^, M) on H^(C; R^). Any such orbit contains an element of Im(H^(C; Z^) 
H^((9;M^)), which implies that © is equivalent to the etale groupoid arising from some 
principal T^-bundle on O. 

The preceding considerations extend to the case when the (finite) isotropy groups &^ 
are not all trivial. In that case, O is an orbifold and the argument extends to the orbifold 
setting. For example, H*((9;M'^) has to be interpreted as an orbifold cohomology group. 

□ 

Remark 5.8. If one starts with an (untwisted) principal ^-bundle, with Q abelian, then the 
triviality of the corresponding etale groupoid is determined by whether or not {J^F^}f^i 
vanishes in H^(S;M^). 

Suppose that the etale groupoid is nontrivial and is a sequence of invariant 

metrics on the principal ^-bundle, so that there is a limiting invariant metric g^. It is 
possible that the curvatures {F*}^^ approach zero in norm as j — )■ oo. If this is the case 
then 'g^ will live on a distinct etale groupoid, as its curvature {F^}^^ vanishes. This 
phenomenon occurs in the rescaled Ricci flow on the unit circle bundle of a surface of 
constant negative curvature. 

On the other hand, if we start with a trivial etale groupoid and {'gj}'^^ is a noncollapsing 
sequence of invariant metrics on the principal ^-bundle then any limiting invariant metric 
g^ will necessarily be on the same etale groupoid. 

The relevance of Proposition 15.21 is that for etale groupoids which satisfy its hypotheses, 
we can discuss convergence of Ricci flow solutions on such etale groupoids in terms of 
convergence of invariant Ricci flow solutions on twisted principal bundles. 

Example 5.9. Suppose that M is the total space of a principal S^-bundle over a compact 
oriented surface B. Given a subgroup Z^. C S*^, let M/Z^ be the quotient space. It is also 
the total space of a principal S^-bundle over B. 

The (discrete) S'^-action on a principal S'^-bundle gives an etale groupoid. The map 
M — )■ M/Zfc gives an equivalence of etale groupoids, in the sense of [2| Chapter 111.^.2.4]. 
However, the Euler class of the circle bundle M/Z^ B is k times that of the circle bundle 
M ^ B. This shows that the Euler class of the circle bundle is not an invariant of the 
groupoid equivalence class. Instead, all that is relevant is whether or not the rational Euler 
class vanishes. 

Example 5.10. If dim(O) = 1 then any homomorphism a : tti^O) — t- GL(A^, R) gives rise 
to an etale groupoid with unit space 25'-°^ = x^O. 

If (9 is a closed orientable 2-dimensional orbifold then 11^(0; M^) = and the action of 
GL(A^, R) on H^(C; R^) has two orbits, namely the zero element and the nonzero elements. 
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Thus if e is trivial then there are two equivalence classes of such groupoids with orbit space 
O, one corresponding to a vanishing "Euler class" and one corresponding to a nonvanishing 
"Euler class" . 

Suppose that M is the total space of a twisted principal M^-bundle. Let g be an invariant 
metric on M. We recall that there are two distinct connections in this situation, the fiat 
connection on the twisting bundle S and the connection A on the twisted principal bundle. 
We will use the following lemma later. 

Lemma 5.11. Let vr : M ^ B be a twisted principal M.^ -bundle. Given Gij and g^is, 
let Ai and A^ be two flat connections on M. Let and ^2 be the corresponding invariant 
metrics on M. Then their underlying Riemannian groupoids are equivalent. 

Proof. Let {Ui} be a covering of B by open contractible sets. Let U = {n^^^Ui)} be the 
corresponding covering of M and let be the localization of & [38, Section 5.2]. In 
our case, elements of (Su are quadruples {i,Pi,Pj,j) with pi G ir^^^Ui), Pj G 7r~^(f/j) and 

= vr(pj). The multiplication is {i,Pi,Pj,j) ■ {j,Pj,Pk, k) = {i,Pi,Pk, k). The units 6^°^ 
are quadruples {i,Pi,Pi,i) and the source and range maps are s{i,Pi,Pj, j) = {j,Pj,Pj,j) 
and r{i,pi,pj, j) = {i,pi,pi,i). Let sj : Ui ^ n^^CUi) be a section for which {sj)*Ai = 0. 
Similarly, let sf : Ui ^ 7r^^(f/j) be a section for which (s?)*A2 = 0. Define a map F : 
&u by F{i,pi,pj,j) = {i,pi + s^{ui)-s}{ui),pj + s'^j{uj)-s]{uj),j), where Ui = 7i{pi), 

Uj = vr(pj) and we write the action of additively. Then F is a groupoid isomorphism. 
On the space of units, F{i,pi,pi, i) = {i,pi + sj{ui) — sj{ui),pi + sfiui) — s\{ui),i) and so F 
sends the section s\ to sf. It follows that F is an isomorphism of Riemannian groupoids. □ 

6. Convergence arguments and universal covers 

In this section we prove Theorem 11.21 In Subsection 16.11 we prove convergence to a 
locally homogeneous Ricci flow on an etale groupoid. In Subsection 16.21 we promote this 
to convergence on the universal cover of M. 

6.1. Convergence arguments. In this subsection we show that under the hypotheses of 
Theorem 11.21 there is a rescaling limit which is a locally homogeneous expanding soliton 
solution on an etale groupoid. To do this, if O is the closure of the orbit of g{-) under 
the action of the parabolic rescaling semigroup R-^ then we define a stratification of O 
in terms of the number of local symmetries. We let fco be the maximal number of local 
symmetries that can occur in a rescaling limit of g{-). This corresponds to a maximally 
collapsed limit. The first step is to show that k^ determines the Thurston type of M, and 
that there is a sequence of rescalings of g{-) which approaches the corresponding locally 
homogeneous expanding soliton. 

In order to show that any rescaling limit ^(■) is a locally homogeneous expanding soliton 

(except possibly in the SL2(M) case), we use further arguments. We show that any rescaling 
limit has k^ local symmetries. We then use a compactness argument, along with the local 
stability of the space of expanders, to show that ^(■) is a locally homogeneous expanding 
soliton. 
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Let g{-) be a Ricci flow solution on a connected closed 3- manifold M, defined for t G 
(1,00), with supjg^]^ t II Riem{g(t)) ||oo < < c>o and sup^g^^^ t~ 2 diam{g{t)) < 
D < 00. From Proposition 13.51 M has a single geometric piece. Given s G [l,oo), 
put gs{t) = ^ g{st). Then for all s, we have sup^gj-j^ t || Riem{gs{t)) ||oo < K and 

suptG(i,oo) '^^ ^ diam(5fs(t)) < D. By Proposition 13. 2[ the family of Ricci flow solutions 
{fi's(')}se[i,oo) is sequentially precompact among Ricci flow solutions on etale groupoids. 

Let O be the sequential closure of the forward orbit {(?s(-)}se[i,oo)- Let 0(k) be the 
elements of O with a fc- dimensional local symmetry sheaf q. 

Lemma 6.1. Ifgi') ^ ^ then the underlying etale groupoid of'g{-) is locally free. 

Proof. If ^(•) G O{o) then there is nothing to show. If ^(■) G then the lemma fol- 
lows from the fact there is no point x G where the local Killing vector fields vanish 
simultaneously. 

Suppose that g{-) G 0{2)- Write g{-) = limj^oo(^5 S's^. (■)) some sequence {s'j}'jLi 
tending to infinity. By [3], for any e > 0, there is an integer < 00 so that if j > 
then there is a locally T^-invariant Riemannian metric g'j on M which is e-close in the 
C^-topology to jrg{s'j). Furthermore, one can take the sectional curvature of g'j to be 

uniformly bounded in e [l8l Theorem 2.1]. The collapsing is along the fibers. Taking a 
sequence of values of e going to zero and choosing j > J^, after passing to a subsequence 
we can say that ^(1) = \imj^oo{M, g'j). 

Let 5* be the orbit space of the etale groupoid. It is a circle or an interval. If 5 is a 
circle then M is the total space of a T^-bundle over S^. (The fibers cannot be Klein bottles 
since M is orientable.) Hence the local T^-action on {M,gj) is free. Let H G SL(2,Z) be 
the holonomy of the T^-bundle, defined up to conjugation in SL(2,Z). Given M, there 
is a finite number of possibilities for H, as follows from [501 PP- 439,469-470,481-482]. 
After passing to a subsequence, we can assume that there is a single such H. For each j, 
the T^-bundle with invariant metric g'j is the total space of a twisted principal T^-bundle 
over S-^, where the twisting bundle E is a fiat T^-bundle on S*^ with holonomy H. From 
Proposition 15.21 for all j these give rise to equivalent etale groupoids. Looking at how one 
constructs the limiting Riemannian groupoid as j — i- cxd [381 Proposition 5.9], it follows 
that ^(■) is defined on this same etale groupoid. In particular, it is locally free. 

If S is an interval then as in the proof of Proposition 13.51 the asphericity of M implies 
that the local T^-action on M is locally free. Then M is the total space of an orbifold 
T^-bundle over the orbifold S. As S is double covered by a circle, we can take a double 
cover M of M which is the total space of a T^-bundle over S^. Applying the preceding 
argument Z2-equivariantly to M, we conclude that the underlying etale groupoid of ^(■) is 
again locally free. 

Finally, suppose that ^(■) G 0(3). Write ^(■) = limj^oo(Af, 5^5^ (■)) for some sequence 
{s'j}'jLi tending to infinity. Then the orbit space S of the etale groupoid is a point and 

I ^M, ^gis'j)^ I Gromov-Hausdorff converges, with bounded sectional curvature, to a 
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point. That is, M is almost flat and so is an infranilmanifold [19]. There is a finite normal 
cover Mq of M which is diffeomorphic to a fiat manifold or a nilmanifold. Let gQ{-) be 
the lift of g{-) to Mq and let ^o(') be the corresponding limiting Ricci fiow on an etale 
groupoid, with g{-) as a finite quotient. By |3|, for any e > 0, there is an integer Jg < cx) so 
that if j > Je then there is a left-invariant Riemannian metric g'j on Mq, of or Nil-type, 
which is e-close in the C^-topology to jrgQ{s'j). Furthermore, one can take the sectional 

curvature of g'j to be uniformly bounded in e [481 Theorem 2.1]. The collapsing is along all 
of Mq. Taking a sequence of values of e going to zero and choosing j > J^, after passing 
to a subsequence we can say that ^o(l) = ^^^j^oo{MQ, g'j). Looking at how one constructs 
the limiting Riemannian groupoid as j — )■ oo [381 Proposition 5.9], it follows that the 
underlying etale groupoid of ^o(l) is a cross-product groupoid M'^ xi or Nil x Nil^, where 
6 denotes the discrete topology. Hence the underlying etale groupoid of g{-) is locally 
free. □ 

The relevance of Proposition 16.11 is that it allows us to use Proposition 14.791 to analyze 
blowdown limits of ^(■). 

Let kQ be the largest k so that 0(^k) is nonempty. For simplicity of terminology, we will 
say that a Ricci fiow on an etale groupoid is a locally homogeneous expanding soliton if 
there is some homogeneous expanding soliton to which the Ricci fiow on the unit space of 
the etale groupoid is locally isometric. 

Proposition 6.2. If ko = then M admits an H^-structure. If kQ = 1 then M admits 

an X M or SL2{M.) -structure. If kQ = 2 then M admits a Sol- structure. If kQ = 3 then 
M admits an or Nil-structure. 

In any case, there is a sequence {sj}'^^ tending to infinity so that limj^c>o{M, gs-{-)) 
exists as a Ricci flow solution on an etale groupoid, and is a locally homogeneous expanding 
soliton of type 

• if ko = 0, 

• H^xRifko = l, 

• Sol if kQ = 2, 

• or Nil ifkQ = 3. 

Proof. Given ^(■) G C(fcQ), put ^s(t) = ^g{st). We claim that the forward orbit {^s(-)}se[i,oo) 
is relatively sequentially compact in C(fco). To see this, suppose that there is a sequence 
{gsi{-)}iZi having a limit 'g'i-)- We can find a subsequence of {{M, gs{-))}se[i,oo) that 
converges to ^(■)- Thus ^'(■) G O. However, the number of local symmetries cannot 
decrease in the limit. Hence ^'(■) G for some k > kQ. We must have k = kQ, by the 
definition of kQ, which proves the claim. 

Let {si}°Zi be a sequence tending to infinity such that limi^oodsii') = doo{-) for 
some ^oo(-) £ C^(fco)- Let S denote the underlying orbit space of ^oo(l)- There is a se- 
quence {s'j}'jLi tending to infinity so that limj_j.oo (j^,gsri-)^ = doo{-)- In particular, 
lim.^oo (m, jrg{s'^)^ S. 
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If fco = then by Proposition I4.80[ (M, ^oo(')) is the Ricci flow on a manifold of constant 
negative sectional curvature. 

If /co = 1 then S" is a closed two-dimensional orbifold. Taking a double cover if necessary, 
we can assume that S is orientable. From Proposition 15.21 we can assume that the under- 
lying etale groupoid comes from an orbifold principal S'^-bundle on S. (The triviality of 
e comes from its identification with of the circle fiber of the orbifold bundle M — )■ S.) 
By Proposition I4.80i ^oo(") has [H"^ x R)-type and S has a metric of constant curvature 
— ^. As M is the total space of an orbifold circle bundle over S, it follows that M admits 

an X R or SL2(M)-structure (using [40] if we took a double cover). 

If A;o = 2 then S is or an interval [0,L]. Suppose first that S = S^. Then M is the 
total space of a T^-fiber bundle over S. Let H G SL(2, Z) be the holonomy of the fiber 
bundle, defined up to conjugacy. As in the proof of Lemma WT\ the etale groupoid of ^oo(-) 
arises from a (twisted) principal T^-bundle on S^. The fiat bundle e over has holonomy 
H G SL(2,Z). By Proposition I4.80[ ^oo(') has Sol-type and if is a hyperbolic element of 
SL(2,Z). Thus M admits a Sol-structure. 

Suppose now that S = [0,L]. As in the proof of Lemma EUl M is the total space of 
an orbifold T^-bundle over the orbifold [0,L]. A double cover M of M fibers over S^. 
Running the previous argument on M with the pullback metric, we conclude that M 
admits a Sol-structure. Hence M admits a Sol-structure [ 10] . 

If /co = 3 then S' is a point. Hence | ^M, jrg{s'j)J | Gromov-HausdorfF converges, with 

bounded sectional curvature, to a point. As in the proof of Lemma |6.H ^oo(") is locally 
homogeneous and has or Nil as its local symmetry group. Such a Ricci flow solution is 
automatically a locally homogeneous expanding soliton. □ 

We have shown that there is some sequence {sj}°^^ tending to infinity so that limj_^oo(^5 
exists and is a locally homogeneous expanding soliton. We now wish to show that this is 
true for any sequence tending to infinity, at least if the Thurston type of M is 

not SL2(M). The first step is to show that under a compactness assumption, there is a 
parameter T so that if we take any rescaling limit ^(■) then upon further rescaling of ^(■), 
the result is near a locally homogeneous expanding soliton for some rescaling parameter 

se[l,T]. 

Proposition 6.3. Given k, let C be a sequentially compact subset of 0[k). Let U be a 
neighborhood of 

• The H^-type locally homogeneous expanding solitons in 0{q) if k = 0, 

• The {H^ X M.)-type locally homogeneous expanding solitons in if k = 1, 

• The Sol-type locally homogeneous expanding solitons in 0(2) if k = 2, 

• The M.^-type and Nil-type locally homogeneous expanding solitons in (9(3) if k = 3. 

Then there is a T = T{k,C,U) G [1,cxd) so that for any g(-) G C, ifg^i') £ C for all 
s G then there is some s G such thafg^^-) G U. 
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Proof. Given fc, C and U, suppose that the proposition is not true. Then for each j G Z+, 
there is some g^^\-) G C so that for each s e [1, j], g^J\-) G C and g'f\-) ^ U. Take a 
convergent subsequence of the {g^^\-)}'jLi with hmit ^'^°°)(-). Then for all s E [l,c>o), we 
have g^f°\-) G C and g^^\-) ^ t/. By sequential compactness, there is a sequence {tk}'^=i 
in Z"*" tending to infinity so that \imk^aogt^\-) exists and equals some ^^•*(-) G C. By 
Proposition I4.80[ ^^''(■) is a locally homogeneous expanding soliton as in the statement of 
the present proposition. Then for large k, we have 'g[^\-) G U, which is a contradiction. □ 

The next step is to use local stability to say that after rescaling g{-) by the parameter 
T, the result is definitely near a locally homogeneous expanding soliton solution. 

Proposition 6.4. Suppose that M does not have Thurston type SL2(M). Then there are 
decreasing open sets {Ui}'^^ of the type described in Proposition 1 6. 3[ whose intersection is 
the corresponding set of locally homogeneous expanding soliton solutions, so that under the 
hypotheses of Proposition [67^ if Ti = T{k,C,Ui) then we are ensured that'grp^{-) G Ui. (In 
the case k = 1 we restrict to Ricci flow solutions on an etale groupoid with vanishing Euler 
class, so Ui is a neighborhood in the relative topology.) 

Proof. This follows from the local stability of the expanding solitons in 0(k)- That is, 
there is a sequence {f//}^^ of such neighborhoods so that ^^(■) G Ui implies that G Ui 
whenever s' > s. (In fact, one has exponential convergence to the set of expanding solitons.) 
The case = appears in [54j. The case k = 2 appears in [31]. In the case k = 1, recall 
from Example 15 . 1 01 that there are two relevant types of etale groupoids, one with vanishing 
Euler class and one with nonvanishing Euler class. The locally homogeneous expanding 
solitons live on etale groupoids with vanishing Euler class. Their local stability (modulo the 
center manifold), among Ricci fiows on etale groupoids with vanishing Euler class, is shown 
in |3l]. We remark that if M has Thurston type x M then a limit limj^oo{M, gs^{-)) 
can only be a Ricci fiow on an etale groupoid with vanishing Euler class. 

Note that if = 1 then there may be a moduli space of locally homogeneous expanding 
solitons of type x M in corresponding to various metrics of constant curvature 

— I on the orbit space. However, because of our diameter bound, the moduli space is 
compact. Comparing with [34j, it may appear that there is also a factor in the moduli 
space consisting of harmonic 1-forms on the orbit space. However, by Lemma I5.1H the 
various harmonic 1-forms all give equivalent geometries. □ 

Remark 6.5. There is no locally homogeneous expanding soliton solution on a three- 
dimensional etale groupoid of the type considered in Proposition 16.21 if it has an orbifold 
surface base with negative Euler characteristic, and a nonvanishing Euler class. A Ricci fiow 
on such an etale groupoid will have a rescaling sequence that converges to an {H^ X M)-type 
expander on an etale groupoid with vanishing Euler class. 

In order to show convergence of the Ricci fiow on a 3-manifold with Thurston type 

SL2(]R), at least by our methods, one would have to show that the expanding solitons 
of type X M are also locally stable if one considers neighborhoods that include etale 
groupoids with nonvanishing Euler class. The difficulty is that the nearby Ricci fiows live 
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on an inequivalent groupoid and so one cannot just linearize around the {W^ x ]R)-type 

expanding solitons. One approach would be to instead consider Ricci flows with SL2(ffi)- 
symmetry on etale groupoids with nonzero Euler class and show that this flnite-dimensional 
family is an attractor. 

We now show if /cq < 3 and M does not have Thurston type SL2(M) then any rescaling 
limit ^(■) is a locally homogenous expanding soliton. The method of proof is to show that 
we can rescale ^(■) backward by a factor T, and then apply the previous proposition. 

Proposition 6.6. If ko < 3 and M does not have Thurston type SL2(M) then for any 
sequence {sj}'jLi tending to infinity, as j — )■ oo, [M,gs^{-)) approaches the set of locally 
homogeneous expanding solitons of the type listed in Proposition ^.^ with k = ko- 

Proof. If the proposition is not true then there is a sequence tending to inflnity 

and a neighborhood Ui as in Proposition 16.41 so that for all j, gsj{-) ^ Ui. After passing to 
a further subsequence, we can assume that \imj_^oo dsji') = g{-) for some g{-) G O. 

If fco = 2 then from Proposition 16. 2^ M admits a Sol-structure. As M cannot collapse 
with bounded curvature and bounded diameter to something of dimension other than one, 
C(o) = C(i) = C(3) = 0. Then C = 0{2) is sequentially compact and ^(■) G 0(2)- A similar 
argument applies in the other cases when /cq < 3 to show that C = O(ko) is sequentially 
compact and g{-) G O(ko)- 

For s > 1, let g^^ ^\-) be the limit in (9 of a convergent subsequence of {gs-^Sj{-)}'jLi- 
Then g{-) = 'g^f ^\')- Note that 'g^^ ^\-) G Oko- By Proposition 16. 4[ there is a number 

> 1 so that for each s > 1, ''(■) G Ui. Taking s = Ti, we conclude that ^(■) G Ui. 
This is a contradiction. □ 

Corollary 6.7. If k^ = or k^ = 2 then \ims^oo{M, gs{-)) exists and is one of the locally 
homogeneous expanding solitons of the type listed in Proposition \6.3[ with k = k^. 

Proof. In these cases, given M, there is a unique locally homogeneous expanding soliton of 
the type listed in Proposition 16. 3[ with k = k^. The relationship between the topology of 
M and the equivalence class of the etale groupoid comes from the proof of Lemma 16.11 If 
fco = then M admits a hyperbolic metric and the expander is the solution 'g{t) = Atghyp, 
where ghyp is the metric of constant sectional curvature —1 on M. If ko = 2 then M 
is a Sol-manifold. Suppose flrst that M is the total space of a T^-bundle over S^, with 
hyperbolic holonomy H G SL(2,Z). Then by Remark I4.82[ the expander can be written 
^ = I Tr(X2) db'^ + {dyYe^^dy, where h G [0, 1] and = H'^H. If M flbers over the 
orbifold [0, 1] then the expander is a Z2-quotient thereof. □ 

In the case k^ = 3, we must show that any rescaling limit ^(■) has three local symmetries. 
This does not follow just from topological arguments. The method of proof is to rescale 
backwards and then apply the monotonicity arguments of Section H] to a backward limit. 

Proposition 6.8. If ko = 3 and ^(■) E O is a limit limj^oo{M, gsj{-)) , for some sequence 
{sj}'jLi tending to infinity, then'g{-) G C^{3)- 
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Proof. Suppose that g{-) E O^k) with < 3. As in the proof of Proposition 16. 6[ for 
s > 1, let g^'~^\-) be the hmit in O of a convergent subsequence of {gs-isj{')}JLi- Then 
^(■) = '9^8 ^\')- More precisely, for each s G [1, oo) there is an equivalence 0^ of groupoids 
so that 

(6.9) g{t) = -j:g(^-'){st). 

In particular, 'g^^ ^^(■) G 0(^k)- Using (16. 9p . we can extend the domain of definition of 
g{-) to [s^^,oo) for all s > 1, and hence to all t G (0, oo). We still have the bounds 
supte(o,oo)^ II Riem(^(t)) ||oo < K and suptg(o r ^ diam(^(t)) < D. 

As in the proof of Proposition I4.79[ we construct a solution f(t) of the conjugate heat 
equation on the orbit space S: 
(6.10) 

^ = - V^e-/ + (i? - 1 g-^ G- G,.,. G^'' G.,, - 1 G., F^, i^, + |) e"/, 

where n = dim(S') = 3 — A;, that satisfies (ATrty ^ Is^ '^ dvol^ = 1 for all t G (0, cxd). 
Then W+{Gij{t), A^^it), gai3(t), f(t),t) is nondecreasing in t. From Lemma 14.611 for t < 1 
there is a uniform positive lower bound on t-2 vol{S,go,p{t)). By O'Neill's theorem, 
the lower sectional curvature bound on 'g{t) implies the same lower sectional curvature 
bound on gapit). Hence the (orbifolds) {S,t~^gai3it)) are noncollapsing in the Gromov- 
Hausdorff sense as t — t- 0. It follows that {g^ ^{■)}s>i lies in a sequentially compact 
subset of 0(k), since if a sequence {g'^'' (Ol^i with lim^-^oo = oo converged to an 
element of C(fc') with k' > k then the orbit spaces {(S, (70/3(5"^))}°^]^ would Gromov- 
Hausdorff converge to something of dimension 3 — k' < 3 — k, which contradicts the 
noncollapsing. In particular, t~ 2 yo\{S, gaisit)) is uniformly bounded above as t — )• (as 
also follows from the diameter and lower curvature bounds). Then from Lemma 14.611 
>V+(G,y (t), Al^(t), gajsit), f(t),t) is uniformly bounded from below as t — i- 0. There is a se- 
quence of times tj — )■ so that lim,„>oo t 



_ W+(G,,(t),A^(t),(?,^(t),/(t),t) = 0. After 

*— *j 

passing to a subsequence, we can assume that limj_j.oo (■) = ^o(') for some ^o(') ^ ^{k), 
defined for t G (0,oo). As in the proof of Proposition 14.791 for any t G (0, 00) the mea- 
sures {4:7rtjt)~ 2 e~-^(*j*) dvol{S, gapitjt)) will subconverge to a smooth positive probability 
measure on S. Using f l4.66p . we get that ^o(') satisfies the conclusion of Proposition 14.671 
at time t = 1. It follows that ^o(') satisfies the conclusion of Proposition 14.671 for alH > 1. 
In particular, M admits a geometric structure other than an or a Nil-structure (see the 
proof of Proposition 16. 2p . which is a contradiction. □ 

Proposition 6.11. Ifko = 3 then for any sequence {sj}'jLi tending to infinity, limj_!.oo Osji') 
exists and is a locally homogeneous expanding soliton of the M.^ or Nil-type. 

Proof. If the proposition is not true then there is a sequence {sj}'^^ tending to infinity such 
that limj_^oo fi'sj (•) = g{-) for some g{-) G O, but g{-) is not an expander of type or Nil. 
From Proposition 16. 8[ ^(■) G C^(3)- In particular, g{-) is locally homogeneous. If g is a local 
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system of Lie algebras then ^(■) must be flat. If g is a local system of nil Lie algebras 
then ^(■) is automatically a locally homogeneous expanding soliton, with respect to some 
origin of time. A priori, the equation for ^(■) could differ from the expanding Nil soliton in 
Theorem 11.21 by an additive change of the time parameter. We can rule this out by using 
stability arguments as before, which are simpler in this case because we are now talking 
about dynamics on the finite-dimensional space of locally homogenous Nil-solutions. First, 
we argue that there is some sequence Sj — )■ cxd so that lim^^oo dsj (■) is a locally homogeneous 
expanding soliton modeled on the Nil expanding soliton of Theorem II. 2[ Then we use the 
fact that this expanding soliton is an attractor for the M- ^-semigroup action on the locally 
homogeneous Nil-solutions Section 3.3.3]. Finally, we use a backward rescaling, as in 
the proof of Proposition 16.81 to show that for any sequence tending to infinity, 

limj^oo dsji') is a locally homogeneous expanding soliton modeled on the Nil expanding 
soliton of Theorem 11.21 □ 

Remark 6.12. Some of the results of this subsection extend to higher dimension. Suppose 
that (M, g{-)) is a Ricci flow on a closed n-dimensional manifold that exists for t G (1, oo), 
with sectional curvatures that are uniformly 0{t^^) and diameter that grows at most like 
0(it). (If n > 3 then not all compact Ricci flows satisfy these assumptions, as seen by the 
static solution on a Ricci-flat K3 surface.) If {sj}'^^ is any sequence tending to infinity 
then after passing to a subsequence, there is a limit Ricci flow g{-) on an n-dimensional 
etale groupoid 6. If M is aspherical then © is locally free. 

If n is greater than three then the first point is that the local symmetry sheaf g may 
be a sheaf of nonabelian nilpotent Lie algebras. (This could also happen in dimension 
3, but then ^(■) is locally homogeneous with respect to the three-dimensional Heisenberg 
group.) Thus the analysis of Subsection 14.21 would have to be extended to the case of 
twisted ^-bundles where ^ is a nilpotent Lie group. 

If we do assume that g is abelian then Proposition 14.791 says that any blowdown limit 
of ^(■) satisfies the harmonic-Einstein equations (14.681) . Proposition 14.801 describes the 
blowdown limit of a Ricci flow solution {M,g{-)) on an aspherical 4-manifold, defined for 
t G (l,oo), with sectional curvatures that are uniformly 0{t~^) and diameter which is 
0(i2), provided that g is abelian. 

6.2. Proof of Theorem 11.21 In this subsection we use the fact that M is aspherical in 
order to extend the convergence result of Subsection 16.11 from a statement about a limiting 
Ricci flow on an etale groupoid to a statement about a limiting Ricci flow on M. 

By Proposition 13.51 M is irreducible, aspherical and has a single geometric piece in its 
geometric decomposition. We assume first that M does not have Thurston type SL2(M). 

Suppose that for a sequence {sj}'jLi tending to infinity, the limit liuij^oo {M, gsj{-)) 
exists and equals a Ricci flow g{-) on an etale groupoid 0. If S is the orbit space of 



From Propositions 16.61 and 16. 11} g{-) is a locally homogeneous expanding soliton of the 
type listed in Proposition 16.31 There is an orbifold fiber bundle M — )■ 5*. Now S* is a very 
good orbifold, i.e. S is the quotient of a manifold 5 by a finite group action. Taking the 
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corresponding finite cover M of M, if we are interested in what happens on the universal 
cover M then we can assume that 5* is a closed manifold. 

Suppose that M is not of Nil- type. For large j, we know that ^M, "^^^^ is the total 

space of a T'^o-bundle over 5* which defines an F-structure, where fco = dim(M) — dim(S'). 
As M is aspherical, the map tti{T^") — t- 7ri(M) is injective [7| Remark 0.9]. 

Choose 5 G ^0,min ^ '"j^^^ , j j and take a finite collection {xj} of points in S with 

the property that {B{xi, 5)} covers 5*. For large j, let {pij} be points in ^M, ^^^j ^^^^ 
the image of {xj} under a Gromov-Hausdorff approximation. Then for such j, {B{pi j, 56)} 
covers ^M, ^y^)- Each B{pi j, 6) is homeomorphic to B^~''° x T'^" and its lift B{pij, 6) to 

M is homeomorphic to ^^"^o x M'^" . 

Suppose that Pij G M is a preimage of Pij. Then the 55-ball 5(0,55) C Tp._.M, 

with respect to the metric exp* , ^^^^ is isometric to B(pij,56) C (M, ^^). From the 

construction of the Riemannian groupoid (0,^(1)) [381 Proposition 5.9], limj_j.oo B(j)ij, 56) 
is isometric to a 55-ball in the time-1 slice of the (homogeneous) expanding soliton solution 
on the manifold M^. 

Let m G M be a basepoint. Given R> 0, consider B{m,R) C ^M, For large j, 

we can find a finite collection of points {pr} (depending on j) in ^M, ^^j, where each 
Pr projects to some element of {pij} C M, so that the cardinality of {pv} is uniformly 
bounded in j and B{m, R) C ^M, j is covered by {B{pr, 56)}. Namely, for each i and 

j, take points in the strip B{pij,6) C ^M, that lie in B{m,R), cover and form 

a separated net of size approximately 6. 

After relabeling the indices if necessary, suppose that m G 5(^1,55) with pi G M 
projectioning to pij G M. For large j, fix an almost-isometry from B{pi, 56) to a 5(5-ball 
in the time-1 slice of the (homogeneous) expanding soliton solution on M^. Taking the 
union of the balls B{pr, 56) whose centers project to pij G M, it follows that for large 

j, the metric on B{pi j, 6) f] B{m,R) approaches the homogeneous expanding soliton 
metric on the strip. We do the same procedure for the other values of i, on the strips 
B{pij, 6) n B{m, R) C ^M, ^^j^^ ■ Then taking the union of these strips for the various i, 

it follows that for large j, the metric on B{m, R) approaches an i?-ball in the time-one 
slice of the homogeneous expanding soliton solution on M^. Finally, we can perform the 



argument with the time parameter added, to conclude <^yM,m,gs^{-)j j converges to 

the expanding soliton solution on M^, in the topology of pointed smooth convergence. We 
can perform a similar argument in the Nil-case, where 5* is a point. 

To prove Theorem II. 2[ suppose first that M has Thurston type M^, Nil, Sol or H"^. 
Suppose that the theorem is not true. Then there is a sequence {sj}°^i tending to infinity 
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SO that for any subsequence {sj^}^]^, either { (M, ^f^^-^ (1)) }^_|^ does not converge in the 
Gromov-Hausdorff topology to the limit stated in the theorem or | ^M, m, ^f^j,, (•)^ | 

does not converge in the pointed smooth topology to the homogeneous expanding soli- 
ton solution stated in the theorem. After passing to a subsequence, there is a limit 
limj_>.oo {M,gsj{-)) as a Ricci flow on an etale groupoid, whose time-one orbit space will 

be the Gromov-Hausdorff limit limj_>.oo ^M, ^^^j • "^^^ limit is characterized by Corollary 

16.71 and Proposition 16.111 From the preceding discussion, there is a pointed smooth limit 

limj_>oo (^M ,m,'gsj{-)^ as a Ricci flow on M, which is a homogeneous expanding soliton 

solution on M.^ of the corresponding type. In any case, we get a contradiction. 

Suppose now that M has Thurston type H"^ x R. We can apply the same argument. The 
only difference is that we can no longer say that \ims^oo{M, gs{l)) exists in the Gromov- 
Hausdorff topology. All that we get from Proposition 16.61 is that for any sequence {tj}'^!^ 

tending to inflnity, there is a subsequence {tjv}.^i for which limj._j.oo (^M, i^hzl^ exists and 

equals a closed 2-dimensional orbifold with constant sectional curvature — |. A priori, 
different subsequences could give rise to to different const ant- curvature orbifolds. (From 
our diameter bound, for a given M there is a compact set of such orbifolds that can 
arise). However, we claim that on the universal cover M we do get pointed smooth con- 
vergence lims_j.oo (^M,m,gs{-)j to the Ricci flow (if^ x M.,2tghyp + gM.). To see this, 
suppose that is a sequence tending to inflnity so that for any subsequence {sj^.}'^^, 

I ^M, gsj^ (■)) I does not converge to {H"^ x M, 2tghyp + g^ in the pointed smooth topol- 
ogy. We know that there is a subsequence {sj,,}^^ for which limr_s.oo {M, gs-^{-)) exists 
and is a Ricci flow ^(•) on an etale groupoid. From Proposition 16.61 ^(■) is a Ricci flow so- 
lution of type X R. From the preceding discussion, limr_s.oo [M-, '^;fl'sj^(')) exists in the 

pointed smooth topology and equals the expanding soliton solution (if^ x R, 2tghyp + g^). 
This is a contradiction. 

Finally, if M has Thurston type SL2(R) then the theorem follows from Proposition 16. 2[ 

Remark 6.13. The assumption dia,m(M, g(t)) = 0{t^) of Theorem ll.2[ together with the 
curvature assumption, ensures that M has a single geometric piece. One can ask what 
happens if one removes the diameter assumption but keeps the curvature assumption. In 
such a case one would clearly have to consider pointed limits limj^oo {M,m, gs.{-)^ of the 
Ricci flow solution. After passing to a subsequence, there will be convergence to a Ricci 
flow solution g{-) on a pointed etale groupoid. However, the analysis of Subsection 14.21 
does not immediately extend to the pointed noncompact setting. For example, g(t) need 
not have flnite volume in any reasonable sense; see Example 12.31 
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